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Preface 

Prediction was the earliest and most prevalent form of statistical 
inference. This emphasis changed during the beginning of this 
century when the mathematical foundations of modem statistics 
emerged. Important issues such as sampling from well-defined 
statistical models and clarification between statistics and parame­
ters began to dominate the attention of statisticians. This resulted 
in a major shift of emphasis to parametric estimation and testing. 

The purpose of this book is to attempt to correct this emphasis. 
The principal intent is to revive the primary purpose of statistical 
endeavor, namely inferring about realizable values not observed 
based on values that were observed. 

The book is addressed mainly to statisticians and students in 
statistics who have had at least a year of theoretical statistics that 
required knowledge of linear or matrix algebra and advanced 
calculus. At least a passing familiarity with the Bayesian approach 
is also helpful. Research workers in substantive areas of science or 
technology who rely on statistical methods and are cognizant of 
statistical theory should also be attracted to statistical methods 
that stress observables rather than parameters. 

Both traditional frequentist and other nontraditional predictive 
approaches are surveyed in a single chapter. All subsequent 
chapters are devoted mainly to Bayesian predictive methods or 
modifications thereof. They are often introduced with a brief 
discussion of the purpose for which data are to be used. A 
theoretical apparatus is then delineated. This is exemplified using 
a variety of common statistical paradigms. Some of these 
paradigms are illustrated numerically to give the reader a firmer 
grasp of their execution. 

Most readers will be familiar with the more customary concerns 
of statistical inference such as comparing either various treat-
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ments on a population or responses from different populations 
and more generally regression analysis. These are dealt with here 
in a predictive mode. Once the ideas are presented, the reader 
will think of other applications of predictive inference within this 
standard genre. More emphasis is placed on topics not usually 
associated with an introduction, such as model selection, discor­
dancy, perturbation analysis, classification, regulation, screening, 
and interim analysis. 

There are many more areas for the utilization of predic­
tive methods than are presented in this monograph. These will 
occur to the reader once the ideas and direction presented are 
internalized. 

Some familiarity with multivariate normal analysis and linear 
models is necessary for reading Chapter 9 and Example 10.8 of 
Chapter 10. Other than a modest acquaintance with the above 
cited topics, the mathematical and statistical background, previ­
ously indicated, should be sufficient. 

I am indebted to my graduate students Li-Shya Chen Lee and 
George D. Papandonatos for reading and correcting errors in the 
manuscript and particularly with computing assistance. I would 
also like to acknowledge the Lady Davis Trust that helped make it 
possible for me to spend several months on the project at the 
Hebrew University of Jerusalem, and to the National Institutes of 
Health for research support. 



CHAPTER 1 

Introduction 

Currently most statistical analyses generally involve inferences or 
decisions about parameters or indexes of statistical distributions. 
It is the view of this author that analyzers of data would better 
serve their clients if inferences and decisions were couched in an 
observabilistic or predictivistic framework. The focus on paramet­
ric statistical analysis arose from the measurement error model. 
Here some real physical entity was to be measured but the 
measuring instrument was subject to error. Hence the observed 
value was modeled as 

X=O+e 

where 0 was the true value and e represented a normally dis­
tributed error of measurement. This measurement error conven­
tion, often assumed to be justifiable from central limit theorem 
considerations andjor experience, was seized on and indiscrimi­
nately adopted for situations where its application was dubious at 
best and erroneous at worst. Constituting the bulk of practice, 
applications of this sort regularly occur in technology but are 
much more frequent in the softer sciences. The variation here is 
rarely of the measurement error variety. As a true physical de­
scription the statistical model used is often inappropriate if we 
stress hypothesis testing and estimation of the "true" entities, the 
parameters. If these and other such models are considered in 
their proper context, then they are potentially very useful, i.e., 
their appropriate use is as models that can yield adequate approx­
imations for the prediction of further observables presumed to be 
exchangeable in some sense with those already generated from 
the process under scrutiny. Clearly hypothesis testing and estima­
tion as stressed in almost all statistics books involve parameters. 
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Hence this presumes the truth of the model and imparts an 
inappropriate existential meaning to an index or parameter. Model 
selection, contrariwise, is a preferable activity because it consists 
of searching for a single model (or a mixture of several) that is 
adequate for the prediction of observables even though it is 
unlikely to be the "true" one. This is particularly appropriate in 
those softer areas of application, which are legion, where the 
so-called true explanatory model is virtually so complex as to be 
unattainable, if it exists at all. 

We then realize that inferring about observables is more perti­
nent since they can occur and be validated to a degree that is not 
possible with parameters. Divesting ourselves of parameters would 
then be our goal if we could model observables without recourse 
to parameters. Strictly speaking, in the completely observabilistic 
realm, modeling would require a finite number of observables 
whose measurements are discrete. The completely observabilistic 
view was brought particularly to the attention of British and 
American statisticians with the translation into English of the 
book on probability authored by de Finetti (1974). In this ap­
proach a well-defined and unique joint distribution for observ­
ables generated by some process is postulated. A predictive 
inference for unobserved values results from their distribution 
conditioned on those values already observed. This becomes, in 
most cases, such a difficult and unappealing enterprise that we 
tend to fall back on the infinite and the continuous and the 
parametric for ease in modeling. Indeed, certain parameters can 
be properly conceived as a result of passing to a limit of a function 
of observables. This need not overly concern us as long as we 
focus on the appropriate aspects of this endeavor. We must 
acknowledge that even aside from the measurement model, there 
are several other advantages to using a parametric model. Sup­
pose our interest is in the prediction of the function 
g(XN+l• ... , XN+M) of future or unobserved values after a sample 
X1, ..• , XN is at hand. When M, the number of future values, is 
large so that exact computation is overwhelmingly burdensome, 
then going to the limit, i.e., as M ~ oo, may provide a simplifica­
tion that is more than adequate for the purposes in mind. This 
limiting function, properly defined, can be considered a parameter 
and is a reasonable one in the context of the problem. In fact 
when no particular known M is at issue the conception of a 
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hypothetically infinite number of as yet unobserved values may be 
useful as a normative evaluation procedure in making compar­
isons among therapeutic agents, treatments, etc. Since compelling 
physical models are often unavailable or too complex, as is usually 
the case in much statistical practice, we may be constrained to use 
statistical models. To then estimate or test certain of these param­
eters without embedding them in a limiting predictivistic interpre­
tation vests them with an authority they do not possess. Hence, for 
statistical models, clearly the stress should be on observables and 
model selection cum prediction. 

There is an important connection between statistical paramet­
ric modeling and the completely observable approach. If the 
observables are exchangeable, then the de Finetti representation 
theorem implies the existence of a "lurking parameter" or more 
generally the parametric model. 

Most statistical analyses currently use tests of significance about 
parameters to form conclusions. A lesser number try to infer 
about parameters either as point or interval estimates. It would 
appear that if these "parameters" were known there would be no 
need for any analysis. The point of view expressed here is not 
whether a parameter is significantly different from some value or 
is in some interval but the effect of all this on the distribution of 
observables. In other words, the real analysis starts after we have 
made allowance for parameters, known or unknown. This point of 
view can resolve the often thorny issue of practical parametric 
significance versus statistical significance. 

As regards statistical prediction, the amount of structure one 
can reasonably infuse into a given problem or process could very 
well determine the inferential model, whether it be frequentist, 
fiducialist, likelihood, or Bayesian. Any one of them possesses a 
capacity for implementing the predictive approach, but only the 
Bayesian mode is always capable of producing probability distribu­
tions for prediction. 

For a number of examples of predictive inference that serve as 
a more sensible approach than parametric inference see Geisser 
(1971, 1988) and Aitchison and Dunsmore (1975). 

One area that has always served as a natural enterprise for 
prediction or forecasting is time series. Books that stress time 
series forecasting such as Box and Jenkins (1970) have an orienta­
tion that is generally non-Bayesian. Most other non-Bayesian 
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books in this area such as Anderson (1971) stress parametric 
estimation. Recently West and Harrison (1989) have delivered a 
Bayesian forecasting volume. As this material is given ample 
consideration there, we touch only on time series models. The 
main purpose of this book then is to propose and display methods 
for inferences or decisions that are more general and more 
informative about questions that statisticians often are asked. We 
say more general in that an inference about a parameter can also 
be framed as an inference about the limiting case of a function of 
future observables. 

The chapters are organized so as to acquaint the reader first 
with non-Bayesian methods of prediction. This is the burden of 
Chapter 2. Since most statisticians and users are much more 
familiar with frequentist and other classical methods, this chapter 
should serve as an introduction to the techniques in changing the 
stress from estimation to prediction using familiar modes of infer­
ence. Once this is grasped they are invited to see the advantage of 
the Bayesian predictive approach displayed in the subsequent 
chapters. Convinced Bayesians may want to skim Chapter 2 to 
acquaint themselves with what non-Bayesians have proposed for 
prediction. However, they still may profit from Section 4 where 
only low structure modeling is available. 

The rest of the chapters range over various topics where the 
predictive approach is appropriate. These methods involve, aside 
from straightforward predictions, comparisons, classifications, 
model selection, model adequacy, model perturbation, discor­
dancy assessment, diagnostic screening, calibration and regulation, 
and interim analyses. Obviously the alert reader will easily identify 
many others. In fact it is opined that there are very few methods 
that cannot be put into a predictive framework. 
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CHAPTER 2 

Non-Bayesian predictive 
approaches 

In the previous chapter we delineated reasons for the importance 
of stressing observables. In this chapter we shall be concerned 
with various ways that have been devised to accommodate statisti­
cal predictions that are not Bayesian. These will include the 
classical confidence approach, various methods that depend on 
the likelihood, on loss functions, and on sample reuse procedures. 
The material here is largely for those who are inclined toward 
predictive analysis but are not entirely comfortable with a Bayesian 
approach. However, they are advised to continue with subsequent 
chapters to become acquainted with the large variety of problems 
for which the Bayesian approach provides solutions. 

2.1 Confidence regions for future realizations 

2.1.1 Parametric case 

Let x<N> = (X1, ..• , XN) be the set of values that will be observed 
in an experiment or series of trials and 

be the unobserved set about which inference is to be made or 
action to be taken. We assume that the joint distribution of both 
sets is 

The frequentist confidence approach is to calculate the probability 

6 



2.1 CONFIDENCE REGIONS 7 

that the random vector X(M) falls in a random region which 
depends on X(N\ 

If the region can be so formed that this probability does not 
depend on 8, then we interpret the above, once x<N> = x<N> is 
realized, as the degree of confidence 1 - a assigned to unobserved 
X(M) falling into Ra(x<N>). Such statements will be correct 
100(1 -a)% in repeated sampling (in the long run) of x<N> and 
X(M) for a fixed 1- a. 

In some cases one would be required to predict a future scalar 
or vector-valued function g(X<M>), noting that X(M) can be con­
sidered as a special case of g(X<M>). 

Easy implementation will generally require a scalar or vector 
valued pivotal function 

whose distribution is independent of 8, that can be conveniently 
inverted such that 

where Ra is a region depending on h(X<N>) the values to be 
observed. Such a pivot, containing only observables, is termed an 
ancillary and often requires a particular structure on the observa­
tional distribution involving the parameters and the inference to 
be made. Examples of this follow. 

Example 2.1. Suppose xl, ... ' XN, XN+l are independent 
copies from an N(8, 1) distribution, 
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- N Then for NX = 1:1 X;, 

X -X 
N+l - N(O 1) 

V1 + (1/N) ' 

and for a <b 

[ _ JN + 1 _ .fN+T l 
Pr X+a IN .::;;XN+ 1 .::;;X+b IN =<I>(b)-<I>(a) 

=1-a 

where a and b depend on the fixed a and <I>(·) is the standard 
normal distribution function, 

f x 1 2 
<I>(x) = --e-<112)Y dy. 

-oo& 

This implies that 

(
..;N+T 

i+a IN , ..;N+T) x+b IN 

is the predictive confidence interval for XN+l· Note that the 
interval is random so it cannot be a fixed arbitrary interval chosen 
beforehand. This weakness persists for all applications of the 
predictive confidence approach. Setting a = - b will minimize the 
length of the interval for a fixed probability and hence for a given 
confidence coefficient. 

Note if we estimate the N(O, 1) distribution function by its 
maximum likelihood estimator N(i, 1) and use this to estimate an 
interval for XN+l' we would obtain a narrower interval since 

yields 

i+a .::;;XN+l.::;;i+b 
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but which cannot have the repeated sampling frequency interpre­
tation for the assumed 1- a. 

Example 2.2. Suppose the variance is also unknown and X; ~ 
N(f..L, u 2 ), i = 1, ... , N + 1. Then for 

N 2 

(N-1)s 2 = E(X;-X), 
1 

XN+l -X 
-5 y-r1=+=(=1=/N=) = tN-l ~ S(t; N -1) 

where S(t; v) is the "Student's t" distribution function with v 
degrees of freedom with density 

f((v+1)/2) ( t 2 )-(v+0/2 

f(t)= [1Tv]l/2f(v/2) 1+-; ' 

Hence for b > a, X and s random, 

[- ~ - ~] 
Pr X+ as IN :::;;XN+l ::;X+ bs IN 

=S(b)-S(a)= 1-a, 

S(b; N- 1)- S(a; N- 1) 

= tt<t)dt. 
a 

Letting a = - t a and b = t a will yield the shortest confidence 
interval for a given confidence coefficient 1 - a. Note that the 
estimation approach that substitutes the maximum likelihood esti­
mators would yield 

"[- ~ - ~] Pr X- tas IN :::;;XN+l ::;X+ tas IN 

= <l>(ta)- <I>( -ta) 
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which could be substantially narrower than the one based on an 
exact frequency coverage. Obviously the latter could only serve as 
an approximation for sufficiently large N. 

A further complication ensues when we consider not only the 
next observation but a whole set of them XN+l' ... , XN+M· Con­
sider the random vector 

where 

Y; =XN+i -X, i= 1, ... ,M 

so that Y is multivariate normal N(O, 0" 20), 

for 

0 =I +N- 1ee', 

n- 1 =I- (N +M) - 1ee' 

where e is an M-dimensional vector all of whose components are 
one. Since 

independently of Y, the density of the vector 

y 
Z=-r==== 

..j(N -1)s2 

is easily shown to be a multivariate student density 

r((N +M -1)/2) -(N+M-0/2 
f(z) = [1 + z'0- 1z] 

1TM12r((N -1)/2){N -1)M/2 ' 
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denoted as Z- SM(N- 1, 0, !1). In general Z- SM(v, JL, '[,)if 

f((v + M)/2) III- 112 
f(t) = (1 + ( _ )'I-1( _ )] -(v+M)/2 

'lTM/2f(v/2) Z 1L Z 1L 

From the above we can easily show that 

N-1 
--Z'n- 1Z-F M M,N-1 

an F distribution with M and N- 1 degrees of freedom, where 
X - Fa, b has density 

( 
a ) -(a+b)/2 

f (X) a X a /2-1 1 + b X ' 0 <x, a~ 1, b ~ 1. 

Hence a confidence hyperellipse is readily obtainable from 

Pr[Z'!1- 1Z < ___!!__F] = 1- a 
- N-1 a ' 

yielding all values for X N + 1, ..• , X N + M that lie in the hyperellipse 
centered at (.X, ... , .X) namely 

Numerical illustration of Example 2.2. In a random sample from 
a normal distribution, the following values were obtained: -0.109, 
0.404, -0.920, -1.208, -0.499, 0.064, and 0.629. For M = 2, and 
arbitrary sample size N, 

1 1 
1--- ---

n-1 = 
N+2 N+2 

1 1 
--- 1---

N+2 N+2 
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~~r------------------------------------------------, 

-4 -2 0 2 4 

Figure 2.1 95% contours of f(xN+l, xN+ 2Jx<N)) with centers N = 2, 
N=7andN=oo 

To observe the effect of increasing N, Figure 2.1 displays the 
predictive confidence ellipsis for three cases: 

1. N = 2, only the first two observations are used 
u. N = 7, the entire sample is used 

iii. N ~ oo (the observations were actually a sample from an 
N(O, 1) distribution). 

Note how the ellipses tend asymptotically to a circle (indepen­
dence for N = oo ). 

Suppose now we were interested in the number of these M 
future observations that will lie in a particular interval. Problems 
of this sort can arise when, for example, a customer is ordering M 
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items and quality requires these items to be within a given 
interval. Within this framework we can obtain an interval only of 
the following kind, 

]a =X ±as, 

where a depends on a and N. Let 

where /a= (-a, a). Let 

V; = 1 

V; = 0 

if Z; E Ia 

otherwise 

can be obtained from the multivariate student density of Zo This 
may be quite burdensome for moderate or large Mo There is some 
simplification if M is sufficiently large and the interval is 

I= (- oo, X+ as) 0 

By sufficiently large we mean that M is large enough so that by 
defining 

R 
V= lim 

M->oo M 

that 

Further V may itself be of interest as the fraction of all future 
XN+l' XN+z, 0 0 0 that lie in /0 Clearly then 

_ (X-J.L as) 
V = Pr [X ::;; X + sa I u, J.L] = <I> -u- + -; 0 
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Since 

X: JL - N( 0, ~) 
W= !..._- Vx~_,j(N -1), 

(T 

it follows that 

Pr[ V ~ v] = Pr[ <I> ( ~ Y +a W) ~ v] 

where Y- N(O, 1) and independent of W. Hence 

Pr[V~ v] = Pr[ ~ Y + aW~ <1>- 1( v)] 

[ .[N<I>- 1(v)-Y ma] 
= Pr W ::5: Na . 

The random variable in the bracket to the left of the inequality, 
say T, is clearly distributed as a noncentral "student" variable, 
with v = N - 1 degrees of freedom and noncentrality parameter 
y = <l>- 1(v)/N independent of JL and u 2• This is denoted as 
T- S(t; v, y ). The density of T is given as 

e-(1/2)-y2 "" ( tz)-(v+l+j)/2f((v+l+j)j2)(ty/i)j 
f( t) = ~ 1 +-

~f( /2) '-' ., jj2 V1TV V j~O V ].V 

Hence we may set 

where the quantity on the right is the appropriate percentage 
point of the noncentral !-distribution and solve for a fixed v and a 
to obtain confidence limits on V. 

In all of these examples we have chosen particular pivots out of 
the many that could have been chosen. In Example 2.2 another 
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possible pivot is 

where 

(XN+I -X)fN 
z = -"---u__,JN=+=1=---
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is the mean square successive difference. It can be shown that the 
numerator and denominator of Z are independent (Geisser, 1956), 
and that Z is an ancillary. Hence a predictive confidence interval 
for X N + 1 is available. The point then would be to discriminate 
among pivots to obtain an optimum one for some purpose. A 
theory of optimal predictive pivots may be addressed in much the 
same way as a theory of optimal parametric pivots via loss func­
tions. 

2.1.2 Low structure stochastic case 

Suppose X1, X 2, ... , XN, XN+l• ... , XN+M are absolutely continu­
ous and exchangeable, so that every permutation is equally likely. 
Let Y1 < ¥ 2 < · · · < YN be the order statistics for the sample 
X1, ..• , XN. Further define Y0 = -oo and YN+l = oo, then it is clear 
that 

and 

1 
Pr(}j <XN+l < 1-J+t) = N + 1' 

k 
Pr(}j <XN+l < 1-J+k) = N + 1' 

j=O, ... ,N 

k=1, ... ,N-j+l. 

This then is the probability that a random variable lies in a 
random interval. Hence with confidence coefficient 1 - a = k I 
(N + 1), we obtain the confidence interval for the future XN+l as 
(yj, yj+k). Note the restriction on the type of intervals and confi­
dence coefficients that can be chosen. More generally we can 
calculate the probability that R, the random number of M future 
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Xs, is in the random interval O'f, Jf+k). Consider all sequences 
such that exactly u of the Xs are in (Y0, }j), r in (Jf,Jf+k) and 
M- r- u in (Jf+k• YN+ 1). Summing over u from 0 to M- r we 
obtain the number of ways of having exactly r in (}j, Jf+k). This is 
then divided by the total number of ways of distributing the M 
future X s among the Y s. Hence 

Pr(R = r) 

(r+k-1)M-r 
= r L (u+j-1)/(N-j-k+M-r-u). 

(M;N) u=O u M-r-u 

The quantity to the right of the summation sign is the number of 
ways of drawing u red balls from M - r red balls given that 
sequential sampling stops when we have drawn j out of N - k 
white balls from the urn containing the red and white balls. Hence 
that quantity is recognized as a negative hypergeometric probabil­
ity function when divided by 

(N-k+M-r) N-k . 
Thus the sum is equal to the above and we obtain 

which is also recognizable as a negative hypergeometric probabil­
ity function. Then with confidence coefficient 1- a, R of the M 
future Xs lie in (yj, Yj+k). As a numerical example let N = 15, 
M = 5, and k = 5, so that R is the number of the M future X s in 
(yj, yj+5). Notice that the results in Table 2.1 are valid for any 
integer j = 1, ... , 10. 

Again, if we let 

R 
V= lim 

M-->oo M 
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Table 2.1 Calculation of Pr(R = r) = 1 -a 

r 0 1 2 3 4 5 
P(R = r) 0.1937 0.3228 0.2767 0.1490 0.0497 0.0081 

17 

be the fraction of all future observations that lie in the random 
interval Oj, }j+k), it is easy to show that 

V-{3(v;k,N-k+ 1) 

a {3 variate with density 

f( ) N! k-1 N-k 

v = (k-1)!(N-k)!v (1-v) . 

Clearly then we also have that 

where F x( ·) is the distribution function of X. Now for 0 .::; y < 
y'.::; 1, 

Pr[y < V < y'] =a'- a= jy'f( v) dv, 
y 

so that a' - a is the confidence coefficient that the proportion of 
all future Xs that lie in (yj, yj+k) is between y and y'. If we set 
y' =a'= 1, then with confidence 1- a, the percent of the popula­
tion in (yj, yj+k) is at least 100y%. 

2.2 Estimating a parametric predicting density 

We have already noticed that introducing maximum likelihood 
estimates for the mean and variance into a normal distribution 
results in estimated prediction intervals that are too tight in the 
frequency sense. We now examine another method of maximizing 
to obtain an estimated predicting density. Such a density and its 
distribution function are useful in obtaining estimates of the 
probability that a future observation will fall in some prescribed 
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interval region or set. It can also be used to identify probabilisti­
cally one of several populations from which a new observation 
could have arisen. 

2.2.1 Maximum likelihood predicting density (MLPD) 

A maximum likelihood approach for estimating a predicting den­
sity was devised by Lejeune and Faulkenberry (1982). For inde­
pendent Xj, j = 1, ... , N + M, with density f(xiO), define 

/( x(M)ix<N)) a supf( x<N)IO)f( x(M)IO) (2.1) 
(J 

or for a function g(x(M)) = g 

/(gix<N)) a supf(x<N)IO)f(giO). (2.2) 
(J 

This approach will correspond only rarely to a frequentist ap­
proach (Example 2.4). Under certain stringent conditions it will 
correspond to a Bayesian approach as in Example 2.3. 

Example 2.3. Let Xj, j = 1, ... , N + 1 be independently dis­
tributed as N(J.L, a 2). Then for 8 = (f.L, a 2 ) 

1 N+l 
A 2~ )2 
f( x ix<N)) a sup --e-<112" ) '-' <x,-~'-N+l N+l 1 

(J lT 

( 
( -)2 ) -(N+0/2 

XN+l -X 
a 1 + --::---'----'----

s2(1 + (1/N))(N -1) 

since 

Hence 

N+l X -i ( 1 ) 112 

But the quantity on the left has a frequency density of t N _ 1 so 
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that this result will not have the appropriate frequency interpreta­
tion. However, it can be obtained via a Bayesian approach for u 
and J.L both uniformly distributed a priori. Further 

so that it converges appropriately. 

Example 2.4. Let X;, i = 1, ... , M + N be independent with 
density 

f(xl8) = ee- 8x, 

then 

Since 

/

N+M 

O=(N+M) ~X;, 

X(M) is assigned density 

fA( I (N)) (N- )-(N+M) 
X(M) X a X +XN+l + """ +xN+M 

where Ni = I:~x;. Note here that for fixed M 

the original sampling density of X(M)· Note also that the assigned 
density of vector U = X<M/L~X; corresponds to the appropriate 
sampling density of U =X<M/I:~X; as can readily be verified. 

Example 2.5. Let X;, i = 1, ... , N + M with 

Pr[X; = 1] = 8 = 1- Pr[X; = 0]. 
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Let s = Ef'Xi and R = r:rxN+i then 

Hence 

and 

~ r+s 
6=-­

N+M 

~ (~}r+s)r+s(N+M-r-s)N+M-r-s 
f ( ris) = ~M;-;------'-------------­

L (!v!)u+s/+s(N+M-j-s)N+M-j-s 
j=O } 

ForM= 1 

A { (} ~~,J(ris) = 1 _ 6 

i.e., the sampling probability of X N + 1. 

For sufficiently large N 

if r = 1 
if r = 0 

is obtained by using the factorial notation for gamma functions 
a!= f(a + 1), a ~ 0, Stirling's formula, 

(
a+l)a+l 

a!-&j(a+l) -e- , 

and noting that as a grows 

a! 
c ~1. 

(a- (1/2))!vu 

Lejeune and Faulkenberry also provide a theorem that indicates 
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when their procedure is equivalent to a Bayesian approach. 
Leonard (1982) provides some approximations of the MLPD for 
large samples. He applies Bayes theorem in reverse using a large 
sample approximation for the posterior density of (J given both 
x<N) and x(M) to obtain an approximate MLPD. 

2.2.2 Loss function estimators of predicting densities 

Define 

L(f,g) 

where f = f(x(M)IO) and g = g(x(M)ix<N)) to be the loss in using g 

to estimate f when 0 is the true value. Let 

where the expectation is over f. Now forgE G, G being a defined 
class of densities, let 

and find that g = J such that 

inf L(f,g) =L(f,!). 
gEG 

If J exists and is unique and does not depend on 0, then J is 
the optimal predicting density estimator in terms of minimizing 
expected loss. A class of such loss functions is the Hellinger 
distance, 

However it is, in general, analytically awkward for n -=1= 2. A more 
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amenable loss function is the Kullback and Leibler (1951) directed 
divergence 

This has been proposed and used for particular problems by 
Aitchison (1975) and Murray (1977) with certain constraints on g. 
However, the existence of a unique solution independent of (J 

appears to be restricted to certain families of distributions such as 
the normal and gamma. 

Example 2.6. Let Xi i = 1, ... , N + M be independently dis­
tributed with density 

f(x) = (Je-l!x. 

Knowing that the vector 

is invariant under changes of scale where NX = I:f Xi we shall 
restrict attention to estimates g that are invariant under changes 
of scale or 

_ M ( X(M)) hu(u) = (Nx) gx - . 
(M) Ni 

Then 

f( X<M>IO) 
K(f,g) =Elog (X ) 

(M) 

g NX 

where 
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and 

( x<M)) = M log 0 -M-E log g Nx , 

where the expectation is OVer X(M)" 
Let 

l(f, g)= Ex<N>[K(f, g)] 

then minimizing I(f, g) is equivalent to maximizing 

23 

where the vector U =X<MJiNX is clearly distributed indepen­
dently of (} and has density, say f u(u). Hence we need to maxi­
mize 

j fu(u)log gu(u) du, 

where 

We cite a standard result in information theory Rao (1965, 
p. 47) 

j flog fdu ~ j flog gdu 

with equality if and only if f = g a.e. 
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Hence the integral is maximized for gu(u) = fu(u). Now it is 
easily shown that the sampling density of U is 

f(N+M) 

fu(u) = f(N)(1 + ul + ... +uM)N+M 

hence 

fu(u) = fu(u) 

and 

A f(N +M)(Ni)N 
f (x lx<N)) = ------------=-:-~ 

X<Ml (M) f(N)(Ni +xN+l + ... +xN+M)N+M. 

Example 2.7. Let X;, i = 1, ... , N + M be independently dis­
tributed as N(JL, u 2 ) where g is restricted to be of the form 

( 
( X<M) - Xe') ) 

g s·/1 + (1/N) ' 
e' = ( 1, ... , 1) . 

Note that the sampling distribution of the components of g does 
not depend on f.L or u. 

Similar to the previous example we can show that minimizing 
l(f, g) yields 

-l ' - ) -(N+M-l)j2 
X0 (x(M) -xe) 

a multivariate student density for x(M)' where n =I + N- 1ee'' 



2.3 METHODS BASED ON LIKELIHOODS 

If 

then 

and 

Z' = x(M) - Xe' 
svN- 1 

}( z) a (1 + z'0- 1z) -<N+M-0/2 
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Thus agreement with existing predictive confidence regions with 
frequentist interpretation is obtained. However, in this example as 
well as in the previous one the estimated predictive distributions 
may be used in a variety of ways that do not concord with 
frequentist confidence statements. Further, this method is useful 
only when the predicting density is optimal for all values of (}, 
which indicates that the condition placed on g is equivalent to 
using a pivot. Thus the procedure is quite restricted. 

2.3 Methods based on likelihoods 

2.3.1 Fisher relative likelihood (second-order likelihood) 

There are methods that according to their adherents provide a 
scaling of the likelihood of future values based on observed 
values. Let the relative likelihood be defined as 

f(xiO) L(O) 
R(O,x) = f(xiO) = L(O) 

where L(O) is the likelihood of (} and finite for all 0, 

f(xiO) = supf(xiO). 
8 

Then Fisher (1956) defines the relative likelihood for independent 
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and identically distributed values, when it exists, as 

FRL( x<M>ix<N>) = supR( lJ, x<N>)R( lJ, x<M>) 
(J 

which is used to order the plausible values for x<M>· He asserts 
that this procedure is to be used only in cases where another 
argument (fiducial) is unavailable. This would be the case for all 
discrete sampling distributions. 

Example 2.8. Let X;, i = 1, ... , N + M be independent such 
that 

P(X; = 110) = lJ = 1- Pr(X; = OIO). 

The problem then is to predict the number of successes R out of 
M future trials assuming S = s successes in the observed N trials. 
Clearly 

LN(lJ) = es(1-lJ)N-s, 

LM(lJ) = 0'(1-lJ)M-r. 

Then for r = 0, ... , M 

( ) r+s(M N )N+M-r-s r+s + -r-s 
FRL(rls)a M-r 

r'(M-r) 

purports to scale the likelihood of future values of r given s. The 
most "likely" value(s) is(are) achieved by maximizing FRL(rls). 

This example was given by Fisher and the procedure detailed in 
the more general form by Kalbfleisch (1971). Its restricted use is 
exemplified by applying the method to the simple exponential case 
forM= 1. 

Example 2.9. Let X;, i = 1, ... , N + 1 be independently dis­
tributed with density 

f(xllJ) = ee-x(J 
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then 

X iN(N + l)N+l 
FRL(x lx (N)) __ N+! (} llx ---------,-:--:-- ~ xN+ !e- N +I 

N+! ( N_)N+! 
XN+! + X 

as N grows, which provides a scaling for x N + 1, which differs 
markedly from the scaling for xN+! provided by its density. Fisher 
does not recommend it as a fiducial argument is available for this 
case. 

2.3.2 Predictive likelihood 

This method for ordering the plausibility of future values was 
developed by Lauritzen (1974), Hinkley (1979), and somewhat 
more generally by Butler (1986). It involves transforming 

where T is a minimal sufficient statistic and U denotes the 
remaining set of orthonormal coordinates such that 

a( t, u) I J I I ( J ) I I 11;2 I JJI 
a(x<Nl,x(M))=K= K(J,K) = 0 

1

1/2 
~ = III'I1;2 

where 

at au 

J = ( (N) ) ' a X , X(M) K = ( (N) ) ' a x , x<MJ 
Kl 1 = 0, KK 1 =I 

are the matrices of the indicated partial derivatives. Hence 

dx(N) dx = 11111 -l/2 du dt 
(M) 

and 

( (N) I) (NJ _f(t,uiO)I ~~-I/2df( I )d 
fx ,X(M)(}dx dx(M)- f(tiO) JJ U ((} t. 
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Because of the sufficiency property of t, the first density on the 
right namely f(ult) is independent of 0. Hence Butler defines 

to be the (conditional) predictive likelihood of x(M) given x<Nl 

and uses it to order the plausibility of the values for x(M)· 
In cases where x<N) and x(M) are independent given (} 

where t N = t(x<Nl) is minimally sufficient based only on x<Nl and 
tN+M = t(x<Nl, x(M)) is minimally sufficient based on x<Nl and 
x(M)· In the independence case Hinkley advocates 

or 

since f(x<NlltN) does not contain x(M)· Note also that the alterna­
tive form can be given as 

When (X<Nl, X(M)) are discrete and independent the two 
methods are the same, i.e., 

Example 2.10. Let X; be independently distributed as 

Pr( X;= llfJ] = 0 = 1- Pr( X;= OlfJ]. 
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Then S = Ef'X;, R = EflXN+i' and 

( ~)es(1- O)N-s( ~)er(l- O)M-r 
PL( r is) = --'----;------,-----'-----'------(AI,! ~)er+s(l- O) N+M-r-s 

since f(x(MlltM) is constant. 

( ~)( ~) 
( N+M) 

r+s 

Example 2.11. Let X; be independently distributed as 

f(xiO) = ee-ex 
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then, since t = Ef'+Mx;, tN = Ef'x;, tM = EflxN+i' Ill' I a Const., 
and 

PLH( x<Mlix<Nl) 

= PLB( x(Mlix<Nl) 

( eNt~-le-etN )/f( N)( eMtff-le-etM)/f( M) 

= eN+M(tN+tM)N+M-le-B(tN+tMljf(N+M) f(x(M)ItM)· 

Hence omitting constants, the predictive likelihood is 

This result scales differently than the MLPD or the Kullback loss 
function predicting density approach but is asymptotically equiva­
lent. 

Numerical illustration of Examples 2. 4, 2. 6, 2. 9, and 2.11. A set 
of eight observations was generated from an exponential distribu­
tion with mean 1. The observations were 4.038, 0.094, 2.744, 0.582, 
0.317, 0.031, 0.193, 0.904. All predicting methods were then 
plotted on the same graph and all normed so that the area under 
each curve was unity to make the comparison easier to see (Fig. 
2.2). Two of the methods MLPD and the K-L loss function 
approach yield the same result. The MLPD /KL result is quite 
close to the PL method. As expected, the extended FRL exhibits a 
completely different scaling of the predicted value of a future 
observable and would yield rather anomalous results, if used. 
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Figure 2.2 Comparison of predicting densities and FRL from an exponen­
tial distribution. 

Example 2.12. For X; - N(J.L, u 2) it can easily be shown that 
for N;z. 3 
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and 

the former scaling x N + 1 as a t with N - 3 and the latter as a t 
with N- 2 degrees of freedom, respectively. Again this is not 
equivalent to the MLPD or the Kullback loss function approach. 
The former scales as a t with N degrees of freedom and the latter 
as a t with N- 1 degrees of freedom. However, all of these 
"densities" can be obtained by a Bayesian approach with prior 
density for J.L and u given by 

where a = 0, 1, 2, 3 depending on which t distribution results. 

2.4 Low structure nonstochastic prediction 

2.4.1 Validation of predictors or models 

Suppose a set x<N) of observations is randomly divided into two 
parts x<N-n) = (x 1, ••. , xN-n) called the construction sample and 
x<n) = (xN-n+ 1, •.• , xN) the validation sample. Assume that with 
each observation xj there is associated a known value (or set of 
values) zj and that given zj the model is such that the xjs can be 
made fungible (exchangeable, if stochastic), e.g., xj =a+ f3zj + ej 
so that ej = xj -a - f3zj are. Suppose further the relative values 
of K competing models for the data are to be assessed by 
comparing the predictions they make. Say that each model leads 
to a predictor 

X· =x. (x<N-n) z<N-n). z.) 
]k ]k ' ' 1 

j = N- n + 1, ... , N and k = 1, ... , K. 

A discrepancy djk = d(xjk' x) can be computed for each model 
and the histogram or the empirical distribution function plotted 
and compared, e.g., xjk- xj = rjk· When the validation portion is 
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not large enough to support such a comparison, one can compute 
relevant summary measures such as 

N 

sl=n-1 L, rji 
j~N-n+l 

N 

S k = n - 1 L, I rjk I, 
j~N-n+l 

k= 1, ... ,K, 

or some scoring function such as the number of times x jk is closer 
to xj for model Mk as opposed to Mk'· 

2.4.2 Cross-validation 

Divide the sample in half, use the second half to "validate" the 
first half and vice versa, yielding a second validation or compari­
son. The two may be combined into a single one. 

2.4.3 Simple cross-validatory choice or predictive sample reuse 

Let x}N- 1>=(x1, ... ,xj_ 1,xj+1, ... ,xN) and similarly for z}N- 1>. 
Let the kth predictive function for xj be computed as 

x. =x. (x<N- 1> z(N- 1> z.) 
jk jk J ' J ' J 

and repeat this for j = 1, ... , N. Then compute, say, for the kth 
predictor rjk = x jk - x j j = 1, ... , N and compare the rjk for the K 
models. Note that in the validation case the residuals are func­
tionally dependent by virtue of the use of the same predictive 
function while in this case further functional dependence is in­
fused because of using the data, repetitively. On the other hand 
this procedure uses all of the data in a symmetric fashion. 

2.4.4 Predictive sample reuse (general) 

Interest focuses on the prediction of a future observation or a set 
of such observations. 
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Ingredients and steps of the procedure 
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1. A predictive function for a future value x or set of values at 
given z is prescribed as 

x(x<N) z<N) z· w) 
' ' ' 

wED 

where w is a set of unknown values either dictated by a model 
or some empirical considerations. 

2. Let P/N-n) represent the ith partition of the original sample 
into N - n retained observations and n omitted observations 
for 0 ::=:; n ::=:; M where M is the largest number such that the 
predictive function can be formed with N - M observations. 
The observation set x<N) and its concomitant set z<N) are 
partitioned such that 

p.<N-n) = (xW-n) 
l lT ' 

z~N-n) 
lr ' 

x~n) z~n)) 
10 ' lO 

is an element of a set of partitions r relevant to a schema S 
of observational omissions where (xW-n) z~N-n) x~n) z~n)) 

IT ' lT ' lO ' 10 

represent N - n retained and n omitted data sets so that 
f = f(N, n, S). Let P = number of partitions of f. 

3. Apply the predictive function to the retained observation set 
for each partition P; and predict x~~) given zf~) by 

i~n)(w) =i (x~N-n) 
zo zo tr ' 

z~N-n) 
lr ' 

(n) ) Z;0 ,w . 

4. Define a discrepancy measure or criterion function, 

DN,n(w) = (Pn)- 1 L d(x~~>,x~~)(w)) 
P;Ef 

where d(a, b) is a measure of the discrepancy between a 
and b. 

5. Optimize (usually minimize) DN,n(w) w.r.t. w and obtain w. 
Form the predictor from all x<N) as 

_x(n) = x( x<N)' z(N)' z(n)' w). 
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If a relative scaling of predictive values is desirable one can 
compute the set of values x(x<N>, z<N>, z<n>, w) for all w such that 
1 ~DN,n(w)fDN,n(w) ~A. 

Example 2.13. Let h(x<N>) be a data based predictor of the 
next observation, g be some prior guess, and the predictive 
function be 

x =wh(x<N>) + (1-w)g 

For a schema of one-at-a-time omissions let 

where 

N 2 
DN, 1(w) =N- 1 L (whj+ (1-w)g-xj) 

j=l 

is the same function h but based on all but xj. Now 

so that an unrestricted solution is 

Hence employing the restriction on w we obtain 

.X= h(x<N>), 

=g 

=wh(x<N>) + (1-w)g 

if w;;::: 1 

if w ~ 0 

otherwise. 

If h(x<N>) = x and h j =xU>' i.e., xU) = (Nx - x) j(N- 1) then, 
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for s 2 = (N- 1)- 1 I(xj- i) 2 

A t2- 1 
w= 

t 2 +{N-1)- 1 

N(i-g) 2 

where t 2 = 2 > 1 
s 

w=O otherwise 

or 

x=g 
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Note as t 2 increases, i.e., as .X deviates further from the guess g 
relative to s 2, x -?X. 

Example 2.14: Application to analysis of variance models. We 
consider the situation where we have J groups or treatments and 
K observations per group. Let xkj be the kth observation of the 
jth group k = 1, ... , K and j = 1, ... , J. The usual set of estima­
tors of the group means, say 01, •.• , 01 is 

j= 1, ... ,1 

when the customary normality and homoscedasticity assumptions 
are made. It was noted by Stein (1962) from an inadmissibility 
point of view (and from a Bayesian point of view) that (1- w)i.j 
+ wi .. for i .. = J- 1 L.ji·j and 0 :o; w :o; 1, could yield a better set of 
estimates for J ~ 3 w.r.t. squared error. One such "Stein" estima­
tor, which used 

where 

C1 =l(K -1)/{J(K -1) + 2}, 

m 1 =r 1(K-1)- 1 L l:(xkj-i·j)2 

k j 

m 2 =K{J-1)- 1 L(i.j-.x.f 
j 

C2 ={1-1)/{J-3) 
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rendered the usual set of estimators, i_e., w = 0 inadmissible. We 
shall use this convex combination to obtain predictors of the next 
observation in each group by two methods. 

The first predictive method for evaluating alternative proce­
dures, giving rise to predictors of the form (1 - w)i.j + wi .. , 
involves omitting, say, the kth observation in the jth group, and 
computing the predictor from the N - 1 remaining observations. 
Here N = KJ, K;::: 2 and the predictor is 

where 

i(kj)j = ckj = ( Ki.j- xkj )/( K- 1), 

x(kj)=ckj= (Nx .. -xkj)/(N-1). 

This produces a predictor for xkj' namely (1- w)ckj + wckj· 
Then, repeating this for all k and j, we can compute the mean 
squared predictive discrepancy 

J K 

s~=N- 1 L L {(1-w)ckj+wckj-xkj( 
j~1 k~1 

The usual identities of the analysis of variance lead to 

2 K{JK-1-w(J-1)} 2 w2JK(J-1) 
s = m + m 2 , 

w (K -1)(JK -1) 2 1 (JK -1) 2 

where m1 and m2 are as defined above. To obtain the optimal w 
we minimize s~ with respect to w. This yields 

~ . ( (JK-1)m 1 ) 
w=mm ,1 . 

(J -1)m1 + (K -1)Jm2 

As J ~ oo, w ~ (Km 1)/{m 1 + (K -l)m2}, for fixed K. For fixed 
J, as K ~ oo, the estimator tends to min(m 1m2\ 1). In particular 
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for w = 0 
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Hence (1 - w)i.j + wi .. is the set of predictors for a future set of 
observations from the J treatments. We shall refer to this as w1 to 
indicate it was derived via Method I in what follows. 

Example 2.15: The mixed model and method II. We consider 
initially the mixed model and from it develop the method for the 
random effects case. Suppose that we have K vector observations 
each of J components. Assume that we are considering predictors 
of the components of a future x~ = (xk 1, ••• , xk1 ) of the form 
(1- w)i.j + wi .. (j = 1, ... , J). Here in the mixed model there is a 
natural order, i.e., the kth vector x~ = (xk 1, ••• , xkJ) is the funda­
mental sampling unit. Now we omit the kth row using (1- w)ykj 
+ wykj• where 

Ykj = ( Ki.j -xkj)/(K -1), 

y,1 ~ ( Kli .. -
1
t,x,1)/{l(K-!)), 

to predict the missing row x~. Repeating this fork= 1, ... , K, we 
compute the mean squared predictive discrepancy 

J K 

v?; =J-lK-1 L L {(1- w )Ykj + wykj -xkJz. 
j=l k=l 

Again by simple algebra and the usual identities of the analysis of 
variance, 
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where 

K 

m3=l(K-1)-1 L (xk.-.x.f, 
k~l 

J 

- J-1 " xk = 1-J xkj· 
j~l 

Further for w = 0, v~ = K(K- 1)- 1m1 and minimization of v; 
with respect to w E [0, 1] yields min(w*, 1), where 

since m1J;;::: m 3 • Hence we have developed a method for predict­
ing for the mixed model. 

For the original situation, we note that the rows are not 
naturally associated. However, for this situation, the particular 
analysis for the mixed model is arbitrary, in terms of the row 
association. Now we need to consider the simultaneous omission 
of J observations one from each column in a nonarbitrary man­
ner. This is accomplished by considering all possible permutations 
within each column and averaging v; over all such possibilities. It 
is clear that m 1 and m 2 are unaffected by such permutations and 
that only m 3 need be averaged. This average can easily be shown 
to be m 1• Hence substitution in (3.3) yields 

2 ((K-w) 2 +r 1(2K-w)w) _1 2 
tw = K(K _ 1) m 1 + {JK) {J -1)w m 2 • 

Therefore the relative evaluation of particular ws given a 
set of data is also possible by computing t?,. For w = 0, t~ = 
K(K -l)- 1m1• 

In this case minimization of t?, with respect to w yields 

A • ( Km1 ) w2 =mm ,1 . 
(K-1)m 2 +m1 

As K increases, the estimator tends to min(m 1mz-1, 1). Note also 
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that 

39 

which implies greater shrinkage when a set of J observations is 
omitted as opposed to a single observation. The predictors from 
the full set of data for the prediction of a new set of observations 
one from each of the J groups is then (1- w2 )i.j + w2 i .. for 
j = 1, ... ,]. 

Note also that the predicted difference between a future obser­
vation from group j and one from group j' is {1- w)(i.j- i.j'). 

Numerical illustration of Examples 2.14 and 2.15. To illustrate 
the shrinkage prediction methods, samples of size 10 were drawn 
from normal populations with means (0.35,0.1, -0.1, -0.35) and 
common variance 1 (Table 2.2). 

Table 2.2 Random samples of size 10 from 0 ;, i = 1, ... , 4 

n1 0.118, 1.914, 1.659, -0.175, -0.216, 
n2 1.99, -0.375, 0.820, 0.528, 0.755, 
n3 -0.304, -0.018, 1.414, -0.454, 0.015, 
n4 1.141, -0.140, -1.412, -0.709, -0.968, 

n1 0.105, 1.087, 2.331, 0.853, -0.276 
nz -0.711, -0.033, 1.484, -0.593, 0.866 
n3 2.081, 0.850, -1.29, 0.260, 2.437 
n4 -0.068, 0.082, -0.950, -0.223 0.647 

The corresponding sample means were (0.670, 0.475, 0.499, 
-0.260). Note that the sample means of TI 2 and TI 3 are in 
reverse order of the population means. The shrinkage proportion's 
w resulting from the three proposed methods were all in the 
interval (0.50, 0.55). The resulting predictions are plotted in Fig­
ure 2.3. Note that w = 0 uses the sample means as the predicted 
values and w = 1 yields the grand mean as predicted values for all 
four populations. Plots of the various discrepancy measures vs. w 
are given in Figure 2.4. 

Example 2.16: Flattening simple regression. Let the set of ob­
servations be 

j= 1, ... ,N. 
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Figure 2.3 Plot of predicted value (PV) us. w with true means JL.; and 
sample means x i• i = 1, ... , 4 for various levels of shrinkage. 



2.4 N 0 N S T 0 C H A S T I C P R E D I C T I 0 N 41 
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Figure 2.4 Plots of discrepancy measures s~, u?,, and t~ us. w. 
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Specify the predictive function to be the convex combination of 
the mean and the least squares regression, namely, 

where 

X = ( 1 - w) X + w [X + b( z - z)] 
=x + wb(z -z) 

wE[0,1) 

Assume squared discrepancy and one-at-a-time deletions so that 

D(w) =N- 1 L, [ xj +wbj(zj -zj) -xj] 2 

j 

( N -1)x =Nx -x. (N -1)z. =Nz -z. 
1 1' 1 1 

bj = L,(z; -zj)(x; -xj)/L,(z; -zj( 
'*1 '*1 

Minimization of D(w) w_r_t. w for wE [0, 1] 

if a~ 0 

a"2?:.1 

where 

yielding 

x=x+wb(z-z). 

For references see Geisser (1974, 1975) and Stone (1974). 

2.4.5 Predictive sample reuse regions 

We now present the setup for a predictive interval or region as 
described in Butler and Rothman (1980). It has the following 
ingredients. 



2.4 N 0 N S T 0 C H A S T I C P R ED I C T I 0 N 

i. A predictive region function: 

P.R.( x<N>; w) for XN+I 
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ii. A criterion function: For simplicity assume one-at-a-time 
omissions. 

where V( ·) is defined as the volume of the jth region. 
iii. A coverage frequency: We use a coverage frequency of at least 

1 - {3 in a predictive simulation that is obtained for the given 
P.R. function. This is obtained by minimizing D(w) w.r.t. w 
subject to 

where I is the indicator of the event in brackets, i.e., 1 if the 
event occurs and 0 otherwise. 

iv. Predictive region: The solution is then used in 

P.R.(x<N>; w). 

Example 2.17. Let [a] be the largest integer in a and 

w = 0, ... , [ ~] 

be the interval which depends on the symmetric order statistics, 
where yk is the kth order statistic of the set x1, ... ,xN. Now 
omitting the jth observation 

for j = 1, ... , w 

for j = w + 1, ... , N - w 

for j = N- w + 1, ... , N. 
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In this case the "volume" is the one-dimensional length .Y. 
Hence 

(
YN-w+1- Yw+1 

.Y{P.R.(x<N- 1); w} = YN-w+1- Yw 

YN-w- Yw 

and 

for j = 1, ... , w 

j=w+1, ... ,N-w 

j=N-w+1, ... ,N 

1 [ w N-w 
D(w) = N j~l (YN-w+1 -yw+1) + j=~+l (YN-w+1 -yw) 

+ J~J: .. +I (YN-•- Y.) l 
1 

= N[w(YN-w+1-yw+1) + (N-2w)(YN-w+1 -yw) 

+w(YN-w-Yw)] 

Further Minw D(w) subject to 

1 N 
N LJ[xj~P.R.(x?- 1);w)] 5,{3 

j=l 

yields w = [N{3 /2] since 2w 5, N{3. Hence for [a], the largest 
integer in a, 

Note, for the case where {3 = 2/N so that w = 1 and the P.R. is 
(y 1, yN), that the simulated relative coverage frequency is (N-
2)/N that xN+l lies in (y 1, yN). This is slightly less than (N-
1) j(N + 1) obtainable on the assumption that the x 1, ..• , x N + 1 

are absolutely continuous and exchangeable (i.e., every permuta­
tion is equally likely and there are no ties). Here ties are permit­
ted when they do not impede the calculation. Note that it is as if 
one lost a single observation because of this loosening of the 
stochastic structure. 
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CHAPTER 3 

Bayesian prediction 

As mentioned in Chapter 1, the ultimate Bayesian approach 
would be to completely model a set of observables and then 
calculate the probability distribution of the as yet unobserved 
values conditional on those already observed. With only a few 
exceptions this seems to be too burdensome a task. Hence for the 
most part we shall use the conventional Bayesian paradigm that 
models distributions of observables given parameters (or index 
set). One then can assign either subjective prior densities when­
ever possible (or appropriate) or useful so-called noninformative 
priors densities for the parameters of the statistical model. Once 
this is done, inferences or decisions about unobserved values 
conditional on those observed will flow from calculable probability 
distributions. 

Before developing Bayesian prediction we offer three different 
interpretations of Bayes' (1763) work. In our view all of these 
interpretations to a greater or lesser degree can be viewed as 
predictivistic in character. 

3.1 The "received version" 

Let X 1, ••• , XN be independent copies on 

Pr [X; = 118] = 8 = 1 - Pr [X; = 0 18) . 

N 

Let R = EX;, then 
i=l 

Pr(R =riO]= ( ~)8'(1- O)N-r. 

46 
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This version, which has been traditionally accepted, avers that 
Bayes assumed that (} was a priori uniform in (0, 1). Hence the 
posterior density of (} is 

p(Oir) a 0'(1- O)N-r. 

Price who communicated Bayes' posthumous essay calculated the 
predictive probability of the next binary variate as 

r+1 
Pr[XN+l = 1] = --. 

N+2 

It is possible that Bayes himself did this or discussed it with Price 
but we do not know for certain. This is a standard approach to 
Bayesian prediction. One thinks about and assumes a prior for the 
parameter (} and then calculates the posterior for 0. From this 
subsequently follows a predictive distribution for the unobserved 
values. 

3.2 Revised version 

Stigler (1982) claims that Bayes assumed that a priori 

and as before 

1 
Pr[R=r] = -­

N+1 
r=0,1, ... ,N 

Pr[R =riO]= ( ~)0'(1- O)N-r. 

Therefore for unknown p(O) 

and p(O) = 1 is a solution to the above. Its uniqueness is assured if 
the moment generating function of p(O) exists. Hence Bayes 
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obtained without adequate proof 

Here the prior is assumed on R the observed number of successes 
rather on the parameter 8. This approach, which assumes the 
conditional parametric model and formulates a prior based on an 
observable to attempt to find a prior on 8, appears more sensible 
in most situations but it cannot always be implemented, Geisser 
(1980b). 

3.3 Stringent version-"compleat predictivist" 

Another version (Geisser, 1985a) is now presented. In his essay 
Bayes imagined a ball being rolled on a unit square flat billiard 
table with the horizontal coordinate of the final resting place 
uniformly distributed in the unit interval. Call this random vari­
able Y0 and by assumption f y 0(y) = 1, 0 ~ y ~ 1. A second ball is 
then rolled N times and we are informed of the number of times 
the second ball did not exceed the resting horizontal coordinate of 
the first ball Y0 = y. The object is to use this information to infer 
(retrodict) the value y. Note that we have Y0 , Y1, ••. , YN all i.i.d. 
and uniform and 

X= {1 
I 0 

Let I X; = R so that 

if }j ~ y 

otherwise 

Pr[R = rly] = { ~)y'(1- y)N-r 

and by Bayes' theorem 

p(ylr) ay'(1- y)N-r 

without the intrusion of parameters. This approach assumes only 
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observables and models them. Then one calculates the conditional 
distribution of the unobserved given those observed. 

3.4 Bayesian prediction format 

As the parametric format is the simplest to work with we shall use 
it. Hence let 

Let 2'(a, x(M)) denote the loss incurred in taking action a(x<N>) 
EA on observing x<N) = x<N) if future x(M) = x(M) where A is 
the space of contemplated actions. Calculate 

where p(8) is the prior density and 

( 
(N)) - f( X(M)• X(N)) 

f x(M)Ix - f( x<N>) 

= J f( x<M> I 8 )P( 8 ix<N>) de 

where 

Further let 

and choose that a* such that it minimizes the loss or 

2'(a*) = inf2'(a). 
a 
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If the loss is additive and equal for each component of x<M> then 

M 

2'M(a,x<M>) = L2'(a,xN+i) 
i~l 

2'M( a)= £[;~12'( a, XN+i) l 
= E j2'( a, xN+i) dF( xN+iix<N>) 

i 

= EE2'(a,xN+i). 
i 

If F(x<M>ix<N>) is such that the marginal distribution of each 
component is identical, then 

so that the loss depends only on the common marginal predictive 
density. 

Example 3.1. Let A be a measurable set, then forK> 0 define 
the loss as 

if x(M) EA 

if x<M> EAc 

where VM is the Lebesgue measure in M dimensions (or the 
hypervolume). Hence for f = f(x<M>ix<N>) 

2'M(A) =E2'M(A,x(M)) 

= f)13VM(A) -K]fdx(M)+ LJVM(A)fdx(M) 

= f {3VM(A)fdx(M)-Kjfdx(M) 
AUAc A 
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Hence 

where clearly 

If 

M 

2'M(A,x(M)) = L2'(B;,XN+i) 
i=l 

for A =B1 XB2 X··· XBM, let 

if XN+i EB; 

if xN+iEBr 
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Further, if f(x(M)ix<N)) is such that all its components have the 
same marginal density, and B; = B so that A= B X B · · · x B, 
then 

Hence 

inf2'M(A) =2'(A*) =M2'(B*) 
A 

where A* =B* XB* X··· xB* and 

B* = {x: f(xix<N)):?: ~ }· 

This example provides a basis for the use of highest probability 
density regions for prediction. 
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3.5 Prior distributions 

In situations where () is a meaningful physical entity (say measur­
ing a physical object) then one may think about a subjective 
distribution for the entity. In many other cases one is using f(x I()) 
as a convenient modeling device. Here the existence of () is 
problematical except perhaps as a limiting function of observables 
[this will happen when the assumption of infinite exchangeability 
is made, i.e., the joint density of (X1, ••. , Xn) for all n is com­
pletely permutable] and, more importantly, inferential focus is 
constrained to observables and not to e. From this point of view 
subjectivity should be directed at the distribution of observables 
themselves. This would entail assigning a subjective distribution 
directly to F(x<N\ x<MJ) from which we would calculate 
F(x(M)Ix<Nl). However, this appears to be too burdensome to be 
worthwhile except in certain limited situations as in the following 
example. 

Example 3.2. Suppose there is a sequence of binary events, say 
success and failure, X1, .•. , XN, XN+l• ... , XN+M· We shall ob­
serve N of them and wish to predict the total number of future 
successes of the M unobserved events. Out of the N drawn we 
observe T = t successes. Hence, for R = r the future number of 
successes and S = T + R, 

t = 0, 1, ... ,min(N, s). 

If we assume prior to any sampling that the total number of 
successes S is equally likely to be any number S = 0, 1, ... , N + M, 
then 

Pr[ S =sIN+ M] = ( N + M + 1) -l. 

Since S = T + R, then 

Pr[ R = r IN, M, t] = ( t ; r) ( N +: ~ / -r) I ( N ~ ~: 1 ) , 

r=0,1, ... ,M. 
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3.6 Uniform priors 
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In the absence of real prior information of one kind or another 
and where a prior density for 8 is required that reflects some 
initial ignorance of 8 a method has been suggested by Jeffreys 
(1946). Initially he suggested that a parameter ranging over a 
finite interval or the whole real line should be uniformly dis­
tributed and if it ranged over a semiinfinite interval its logarithm 
should be uniform. For N independent copies where the likeli­
hood is 

N 

L = 0f(x;l8), 
1 

the expected Fisher information quantity for scalar 8, when it 
exists, is 

( d log L ) 2 

IN( 8) = E d8 

Jeffreys later suggested that 

where 

because of its invariance properties. For example 

or taking the positive square roots of both sides, 

or 
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where T is differentiable and is continuous and nonzero for all but 
a finite number of values of 0. 

Note that if we set 

T = f 0 [ 112 ( 0') dO' 
-00 

then 

and T is uniformly distributed. Of course in a particular technical 
sense uniform distributions over an infinite range do not exist. 
However, using these improper priors will often lead to useful 
results. Another view is that these priors are locally uniform 
where the likelihood is large and essentially zero everywhere else. 
This point of view is set forth in Box and Tiao (1973) in terms of 
data translated likelihoods. They point out that if 

then the shape and form of the likelihood for T is completely 
known and identical except for a translation. Hence the data serve 
only to change the location of L depending on t and a locally 
uniform prior on T will minimally affect the likelihood. This is 
useful when little or no information concerning T exists a priori. 

Hence 

Now this concords with Jeffreys' criterion since 

( 
d log L( T- t) )2 ( d log L( T- t) ) 2 

l(T) =E =E 
dT d( T- t) 

so that 

Then by our previous result regarding the transformation of /(0) 
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into /( T ), 

Example 3.3. Let 

then 
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is data translated for known u 2 • Similarly, for known J.L, L(log u 2 ) 

is data translated and agrees with Jeffreys invariance criterion that 
J.L is uniform given u and log u is uniform given J.L. 

However, not all L(O) can be exactly data translated. If we 
assume some regularity conditions such that the maximum likeli­
hood estimator 8 is subject to 

then using a Taylor series approximation, 

Suppose 

A 1 ( d 2 log L) 
J( 8) = -- 2 

N dO 8 ~ 0 

depends only on 8, so that for varying 8 
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and hence is approximately the log of a normal likelihood with 
variance N- 1r 1(0). If J(O) is not constant the shape will vary. In 
this case let T = -r(O) be a one-to-one transform so that f = -r(O) is 
as well. Then 

1 d 2 log L I A (dO )2 
J(f)=-- 2 =1(0)- . 

N d-r -r~f iJT 6~0 

Hence if -r(O) is so chosen so that J( f) is independent of f, i.e., 

or 

or 

'T = r Jlf2( 0') dO' 
-oo 

N 
log L( -r) ~ C1 - 2( -r- f) 2C2 

i.e., approximately a normal likelihood with a constant variance so 
that the above is approximately data translated. 

Note also if J(O, x<N)) is not a function of 0 alone, then as N 
grows 

by the strong law of large numbers so that 
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for large samples demonstrating the large sample data translating 
property of Jeffreys' rule. 

For multiparameter situations, let 

alogf 
ae 

alogf 
ae 1 

alogf 
a ep 

The expected information matrix is 

1 8 =E(alogf)(alogf)' = .!._E(alogL(e) )(alogL(e) )'. 
( ) ae ae N ae ae 

Here Jeffreys suggests using as prior density for (J 

p(8) a 11(8)1 112 . 

If 

where L( ·) is a known function independent of x<N> and 

is a one-to-one transformation (J and t = (t1, ••• , tP) are p func­
tions of x<N>, then I(T) is independent ofT. Hence using p(T) a 
I I( T) 1112 = canst. yields a locally uniform prior for T. Now for the 
matrix of values 

i,j=l, ... ,p 
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we obtain 

( ar )' ( ar) I( 8) = a8 I( r) a8 . 

Then 

since p( r) = p(8)la8 ;arl, demonstrating the invariance. 
Although exact data translated likelihoods do not frequently 

occur, we now assume regularity conditions for the maximum 
likelihood estimator 9 hold that lead to 

" N "' " ,.. log L(8) ~log L(8)- 2:(8- 8) J(8)(8- 8) 

where the matrix 

A ( 1 a2 Iog L) 
J( 8)= - N a9.a9. . 

l J (J~(J 

i,j= 1, ... ,p. 

Again if J(B) is independent of 9 we have an approximate data 
translated likelihood. 

For large N even if J{B, x(N>) does not depend solely on 8 it is 
closely approximated by 

A A 1 { a log L ) { a log L )'I J(8) ~1(8) = -E -d(8). 
N ao ao 8~6 

We note that the approximation is actually an identity for the 
exponential class. This may vary with e. One could seek T = r(O) 
such that I( r ), independent of i. This is not always possible. We 
can, however, relax the usual data translating requirement to 
make the hypervolume of the region of r 

( T- i)'I( r)( i- i) < Const. 

invariant irrespective of i. The volume of this hyperellipsoid is 



3.7 COMMENTS 59 

proportional to 

So if a transformation can make II(f)l independent off we have 
a reasonable surrogate for a data translated likelihood. Hence 

I I( r) 1112 = Const. 

will be satisfied if 

I ~: I a I I( 8) 1
112 

is the transformation. Data translated likelihoods and their varia­
tions were introduced by Box and Tiao (1973). 

Several other approaches that produce reference priors that 
purportedly reflect knowing little a priori have been put forth by 
Akaike (1978), Bernardo (1979), and Zellner (1977). 

There is yet another approach that stresses prediction and is in 
the spirit of a loss function approach that is used for estimating 
the sampling density in Chapter 2, Section 1.2. 

We assume that in obtaining a predictive probability function 
for X N + 1 that is close to the sampling density f( x N + 118) we admit 
only certain forms of f(xN+ 1 Ix<N>). This in turn restricts the class 
C of admissible prior densities p(8) E C. We then obtain that 
p(8) that minimizes 

with respect to the class C, if it exists, Geisser (1979). 

3. 7 Comments 

3.7.1 Arguments concerning the use of a noninformative prior 

There have been several major criticisms concerning the use of 
noninformative or reference priors. A point is made of the fact 
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that the prior is often an improper density. This is not a par­
ticularly serious objection since one can consider the relatively 
noninformative prior as representing local behavior where the 
likelihood is appreciable and zero elsewhere (so that technically it 
is not improper but for ease of calculation it is used as an 
approximation). A more serious criticism is that a noninformative 
prior depends on the likelihood L(8) so it is not really indepen­
dent prior information, i.e., prior ignorance about something 
should not depend on the particular experiment. A reasonable 
response to this, enunciated by Box and Tiao (1973), is that 
although there is presumably no such thing as complete ignorance, 
the amount of information using these priors is small relative to 
what the experiment can provide. Usually an experiment is under­
taken only when it can provide substantially more information 
than what is known beforehand (a priori), i.e., knowing little is 
specific to a particular experiment. 

The most critical objection is that these noninformative priors 
do not generally represent true subjective knowledge. There are 
two points that mitigate against this objection in most cases. First, 
scientific investigations are considerably more convincing when 
strong subjective views of the experiment are withheld and data 
analyzed against some neutral or reference prior. Secondly, a 
model indexed by (J is obviously an approximation and often (} has 
no reality but exists only as an aid to modeling for predictive 
purposes. Hence a subjective prior about (J as an index may have 
no intrinsic relevance. 

3.7.2 Why Bayes? The coherent posture 

Clearly the major advantage of the Bayes approach for those who 
accept it is the capability to produce probability statements re­
garding the entities under scrutiny whether parameters or ob­
servables. However, it could be argued that these probability 
statements are devoid of objective reality. Be that as it may there 
is another argument that is compelling for many that induces the 
Bayesian approach and yields consistency in inference and deci­
sion making in a particular setting. 

It is termed coherence and the metaphor it is most effectively 
expressed in is betting strategies (de Finetti, 1937). In its simplest 
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form as given by Cornfield (1969) we suppose that we are dealing 
with a known discrete probability distribution 

i = 1, ... , n 

and a finite number of possibilities for the parameter (} = Oj, 
j = 1, ... , N. A master of ceremonies chooses a particular (}j and 
draws an observation on the random variable X given that (}j and 
announces that he has obtained a particular X;. Statistician B is 
then required to make probability assignments P;k for all 2N 
possible subsets Ik, k = 1, ... , 2N, of (01, ••. , ON). If Oj, chosen by 
the master of ceremonies, is included in a subset it is deemed 
correct and incorrect if it isn't. An antagonist A may bet for or 
against any combination of the 2N subsets given the same knowl­
edge as B. Now B assigns P;k and A assigns an amount S;k that (}j 
lies in Ik. A then gives an amount P;kSik to B and receives S;k if 
(}j lies in Ik, but receives nothing if it does not. Basically A is 
risking P;kSik to win (1 - P;k)S;k· B's gain on this bet, when (}j is 
chosen and x; is realized, is 

where 

if (}j E /k 

otherwise. 

Now summing over all possible subsets we get 

zN 

Gij.= L, G;jk= L,(P;k-lljk)S;k· 
k~l k 

Further the expected gain for B when 8 = 8j is 

n zN 

G.j. = L Pij L (P;k- lljdS;k• 
i~l k~l 

Now if G.j.:::;; 0 for any S;k for all j and G.j. < 0 for at least one 
8j, we say that B's probability assignment is incoherent since on 
average he will lose money for at least one (}j (or more) and at 



62 BAYES IAN PREDICTION 

best hold his own for others. Otherwise we say he is coherent. 
Now if the Pik are assigned in such a manner that 

Pr[ Oilxi] = Pii a qipii 
N 

"p .. = 1 £..... I] 

j=l 

for i = 1, 2, ... , n, 

we say this is a Bayesian assignment (note the Piis are special 
cases of Pik because all of the latter can be derived from the Piis). 
This leads to the following result. 

Theorem. A Bayesian assignment of the probabilities Pik by B is 
both necessary and sufficient for coherence. 

A sketch of a proof using elementary methods is given by 
Cornfield (1969). Although in the previous discussion (} was termed 
a parameter (greek letter) it could also have been designated as an 
observable and given a roman letter (say, y ). In this instance the 
odds and states would refer to a retrodiction-an event that has 
already occurred. There is also a proof of this result by Freedman 
and Purves (1969) that is extended for prediction using the separa­
tion theorem for convex sets. 

In summary, this theorem implies that if B's betting odds on 
the subsets are not consistent with prior probabilities, then A, by 
properly choosing the stakes Sik• can disadvantage B financially or 
in whatever utility units are expressed by the stakes Sik· 

Theorems regarding coherence in a more general setting for­
mulated directly for predictive inference have been derived by 
Lane and Sudderth (1984). This paper also gives some guidance as 
to when the use of improper priors will lead to coherent predic­
tions (proper priors will always do so). 

While there is agreement as to the consistency of the Bayesian 
approach there remains considerable controversy over its imple­
mentation and usefulness. 

3.8 Conjugate priors 

Conjugate priors or priors closed under sampling are another 
convenient framework. Here the prior information is approxi-
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mately presumed to be such that when combined with the likeli­
hood the posterior and the prior belong to the same family of 
distributions. Let p( e IT) be the prior probability function of e 
given a set of hyperparameters T. The requirement that p( e IT) 
and p(8 lx<N>, T) belong to the same family for all N implies that 
for given T the marginal predictive probability function of X(M) 
and X(M)Ix<N) will also belong to the same family. The marginal 
of x<N) can be useful for estimating T when it is unknown 
(Morris, 1983). If a reasonable estimate of T is obtained, it can be 
inserted into the predictive distribution of X(M) given x<N) and T 
to yield an approximate predictive distribution. 

Distributions closed under sampling were first introduced by 
Barnard (1954) and later were called conjugate distributions by 
Raiffa and Schlaifer (1961) who promulgated their use. For suffi­
cient conditions that guarantee a conjugate family see De Groot 
(1970). 

Example 3.4. Let X1, ... , XN+M be independent copies on 

f(xl8) = ee-lix e > o, x ~ o. 
Assume 

'Y > 0, 8 > 0 

and T = ( y, 8 ). Hence the predictive density of X(M) is easily 
calculated as follows: 

f(x(M)Ix<Nl,T) = jf(x(M)I8)p(8lx<N)) d8 

f(N +M + 8) 

f(N + 8) 

( 'Y + Ni)N+Il 
X _ N+M+Il · 

( y + Nx +X N + 1 + .. . +X N + M) 

Note that the marginal density f(x(M)IT) has the same form as the 
above with N = 0. While the predictive density will exist for the 
noninformative case, i.e., 8 = y = 0, the marginal will not. For 
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M = 1, we obtain 

(N) _ (N+o)(N.f+y)N+Il 
f(xN+ 1 Ix ,r)- _ N+ll+ 1 . (3.1) 

(Nx + y +xN+l) 

Further 

y+N.f 
E( XN+llx(NJ,T) = N + 0 _ 1 

Mode (XN+ 1) = 0. 

Since the predictive density is decreasing in (0, oo) then an HPD 
interval is defined by 

(N+o)(Nx+y)N+Il {3 
--_------:N-:-+--:/lc-+....,.-1 ~ K 
(Nx + y +xN+ 1) 

or 

( 
N + (j )1/(N+Il+l) 

O<X < -- (Nx+ )(N+Il)/(N+Il+O_N.f-
- N+1- {3/K y y 

The probability content of the interval is 

( 
X ) -(N+Il) 

Pr[ XN+ 1 <x1_alx(N), T] = 1- a= 1- 1 + ~-a 
Nx+y 

If we fix a we can solve for {3/K. Note that here we assumed 
that our subjective assessment for 8 could be expressed as a 
gamma prior 

with y and o known. Suppose o and y are not assumed known, 
what alternatives are there? One can put distributions on these 
hyperparameters as well which may or may not depend on further 
hyperparameters. This can go on indefinitely and where does one 
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stop? If y and 8 can be assigned completely known distributions 
we stop. If not, perhaps we can substitute estimates for y and 8 
that will not alter our inferences in any appreciable manner. 

3.9 Approximate Bayes procedures 

While it is true that all procedures are Bayesian approximations of 
one sort or the other, essentially they vary as to the degree of 
uncertainty about particular components of the model. In particu­
lar, in hierarchical models we discuss methods of using estimates 
for unknown hyperparameters. 

Some of the possible methods come under the heading of 
Empirical Bayes procedures but it is better put to call them 
approximations for the hyperparameters. Hence we would obtain 
an approximate predictive distribution 

F~( I (N) ) - F( I (N) ~) X(M) X , T - X(M) X , T • 

Methods for approximating the hyperparameters have been sug­
gested that depend on calculating the marginal density (or likeli­
hood) 

and applying either of two usual estimation procedures to this 
marginal likelihood, namely: 

1. Maximum likelihood estimation. 
2. Method of Moments. 

Another procedure that uses characteristics of the predictive 
distribution itself, namely the Predictive Sample Reuse method, 
can also be applied. 

Example 3.4 (continued). For maximum likelihood estimation 
we first calculate 
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or 

f(N + 8) 
logf=log f( 8) +8logy- (N+8)log(N.f+y) 

and 

d logf N 1 
-- = E . + log y - log( Nx + y) = 0 

d8 j= 1 N+8-J 

dlogf 8 N + 8 
--=-- =0. 

dy y Nx + y 

From the latter, y = 8.X. Now if 8 were assumed known, the 
derivative with respect to 8 would be unnecessary. Here the 
solution would substitute 8.X for y in the predictive density. This 
effectively increases the sample size from N to N + 8, an accept­
able result. However, if we are required to estimate 8 as well, 
then substituting y = 8.X in the aforementioned derivative yields 

N 1 N+8 
" =log--
.£... N+8-· 8 . 
j= 1 J 

Clearly the solution here is 8 = oo and then y = oo since .X > 0 with 
probability 1. It is then clear y = a.x and 8 = 00 maximizes log f. 
Hence as 8 = oo and N ~ 1, 

Pr(O =.X- 1) = 1 

and 

1 
f( x lx<N>) = -e-xN+tfx N+1 - , 

X 

irrespective of N. This is unacceptable since this merely substi­
tutes the maximum likelihood estimator of 0, 0 =x- 1 in the 
predictive density of x N + 1 for all N. The estimate above would 
only be adequate for sufficiently large N. Clearly the diffuseness 
of the predictive density of XN+ 1 should depend on N, and 
diminish as N increases. The above belies this desideratum. 



3.9 A P P R 0 X I MATE B AYE S P R 0 C ED U R E S 67 

For application of the method of moments we first need to 
equate the first two sample moments of the exchangeable random 
variables X 1, •.• , XN in f(x<N)I8, y) to their expectations. This 
yields 

- 'Y x=--
8-1 

and 

with the restriction that 8 > 2. Note that originally 8 was only 
restricted to be positive. The solution here is, for N ~ 2, 

[ 
2(N- 1) ] 

8M=max 2, 2 N-1-t 

A drawback is the restriction 8 M ~ 2 which is minor when 
compared to 8--) oo for the maximum likelihood estimator. Hence 
the estimated predictive density is 

( N + 8 )(Nx + )N+aM 
( I (N)) _ M 'YM 

fM XN+l X - (N- )N+8M+l · 
x+yM+xN+l 

We noted previously that for unbounded values of ( y M, 8 M ), which 
resulted from the maximum likelihood values for example, we 
obtained 

1 
-e-xN+1fx 
i 

and as N grows this approaches 8e-oxN+!. Hence, whether or not 
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we obtain finite or unbounded values for (8M, yM), as N grows, 

f (X lx(N)) ~ (Je-8xN+l 
M N+l • 

However it can be shown that for all N, 'YM and 8m are finite with 
probability 1. At any rate, it would appear that the method of 
moments is a definite improvement over the maximum likelihood 
approach for this problem. 

We now estimate the predictive density based on the predictive 
sample reuse (PSR) approach. In this case we do not use the 
marginal density f(x<N)I8, y) but the predictive expectation 

(N) _ y +Nx 
E (X N + 1 lx , 8, y) - , 

N+8-1 

from the actual predictive density of XN+l· We can form a 
predictor for xj from xU)' the other N- 1 observations with xj 
deleted, along with y and 8 based on the above expectation, 
namely 

~ y+(N-1)icn 
X·= 

1 N-1+8-1 

where (N- l).X(j) = L.;'*jxi. We then form a discrepancy measure 

-~( _y+(N-1)i<n) 2 

D-1.... X 
. 1 N-1+8-1 

1 

and minimize this with respect to y and 8. Taking derivatives of 
D with respect to y and 8 and setting them equal to zero yields as 
solutions 

~- [ t 2 +(N-1)/(N-2)] 8 -max 1, - 2=---------
t -(N-1)/(N-2) 

.Y=(B-1)x. 

Note that as t 2 grows 8 ~ 1 from above and f ~ 0 from above. 
Hence the estimate of 8 is at least as large as 1, which is an 
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improvement over the method of moments approach which re­
quired the estimate of 8 to be at least as large as 2. The estimated 
predictive density now is 

and we note that as N grows j{x N + 1ix<N>) approaches the sam­
pling density of XN+t since (8,y) will be finite with probability 1 
for all N. Using the relationship 

y=x(8-1) 

we express the method of moments and sample reuse estimated 
predictive density as 

1 + N+l ( N+8) ( X )-(N+Ii+l) 

(N+8-1)x (N+8-1)x 
(3.2) 

with 8 = 8 or 8M, and even for 8--) oo, the MLE estimator. Note 
however that for the non-informative improper prior density on 8, 
namely, 

1 
p(fJ)a-

8 

we substitute 8 = 'Y = 0 in (3.1) not in (3.2) to attain the appropri­
ate result. All of these values for 8 in (3.2) serve only to change 
the effective sample size from N to N + 8 - 1 while preserving 
the mean x. 

We now further compare 8M with 8 to indicate a preference 
for the sample reuse procedure. For N = 2, 8M = 2 > 8 = 1. For 
N = 3, 8M > § for all t 2• For N??.. 4 

N-1 
for0<t 2 < --

- N-2 

N-1 
for N _ 2 5, t 2 5, a( N) 

for t 2 ??.. a(N) 
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where 

[ 12(N -1)2(N- 2) + (N -1)4f 12 - (N -1)2 

a(N) = 2(N- 2) 

Further a(N), bounded below by 2, increases monotonically to an 
upper bound of 3. It can also be shown that N- 1t 2 ~ 1 as N 
grows. This implies that 8 ~ 1 as N increases. We also note that 
SM has a singularity at t 2 = N- 1, a value in which neighborhood 
t 2 is expected to be with a nonnegligible frequency. Hence SM will 
behave somewhat erratically with an appreciable frequency 
(Geisser, 1990a). 

On the other hand it can be shown that the only time 8 can be 
very large is when t 2 is to the right of, but very close to, 
(N- 1) j(N- 2), an interval which will be of exceedingly low 
probability for t 2 and hence for 8. Actually if 8 takes on a large 
value one might be suspicious of the exponential assumption for 
the sampling distribution. 

In summary, we conclude that 8 is greatly preferred to SM and 
of course to 8 in this problem because of its stability and its 
drastically reduced relative influence on the effective sampling 
size appearing in the predictive distribution. 

More generally in cases where not all of the hyperparameters 
appear in the first moment of the predictive distribution one can 
initially solve for those that do, say T 1, of T = ( T 1, T 2 ) in this 
manner. Then one can consider a second or other moment that 
contains the remaining set T 2 and possibly T 1. Setting T 1 = f 1 here 
from the first solution one then can obtain in a similar manner as 
before a solution for -r2 (Geisser, 1990a). 

The lesson to be relearned here is that when using data-driven 
methods to approximate hyperparameters, the actual result ob­
tained in any particular case can be more compelling than the 
philosophical principle used to obtain the result. 

Numerical illustration of Example 3.4. Previous experience with 
five randomly chosen light bulbs yields the following lifetimes in 
hours: 99.09, 1859.80, 111.90, 1899.82, 185.99. This results in 
i=831.32, s2 =917413.9, 5M=34.26, B=2.10, and S=oo. We 
assume that the lifetime of bulbs is exponential and wish to 
predict the lifetime of a newly purchased bulb presumably ex-
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Table 3.1 Predictive Median for Varying 8 

8 
Median 

2.10 
529.4 

34.26 
566.5 

00 

576.2 

changeable with the previous ones. Now the expected lifetime 
irrespective of which 8 is used is 831.22. We then compute the 
predictive median of lifetimes by setting 

( 
X ) -(5+6) 

1 + ( 4 +~)X = 0.5 

and solving for x m for the various values of 8 corresponding to 
the methods (Table 3.1). 

Although the predictive means are the same for the three 
methods, the predictive medians display considerable variation. 
Note that for y = 8 = 0 from (3.1) the predictive mean is 1.25i = 
1039.15. The predictive median is found by setting 

( 
X ) -5 

1 + 5; = 0.5 

resulting in xm = 618.0. 

3.10 Prediction of a future fraction 

Assume that x<N+M) is a random sample of copies from F(xiO) 
so that 

and XN+l• ... , XN+M are exchangeable random variables in the 
sense that all M! permutations of X(M) have the same M-dimen­
sional probability distribution. Now for some measurable set A let 

Y= { 1 
l 0 

if XN+i EA 
otherwise 



72 BAYES IAN PREDICTION 

so that clearly the set Y1, Y2 , ••• , YM is also exchangeable. Further 
let R = I:~ 1Yj so that M- 1R = Y is the future fraction that will 
fall in A. 

E(Y) = Pr[Yj = 1) = Pr( XN+i EA) = q 

V(Y)= ~zE[~(Yj-q)r 
q(1-q) (M-1) 

= M + M q( 1 -q)p 

where for i =I= j 

cov(Yj, }j) 

P = Jv(Y;)V(lf) 

Pr(Yj=1,lj=1)-q2 

q(1- q) 

Since Y1, ••• , YM are exchangeable the correlation p is the same 
for every i and j, i =I= j, and p is independent of M. Hence 

lim V(Y)=pq(1-q). 
M-->oo 

Now let 

so that 

Pr[R =riO]= { ~)r'(1- r)M-r 

Pr[R = r] = { ~)J r'(1- r)M-r dP( rix<M>) 

where P( rix<N>) is calculated from P(Oix<N>) via r = r(O). Further 
it is clear that lim M--."' M- 1 R = r. 

There is a general theorem here due to de Finetti (1937) which 
is useful to cite. 

Theorem. To every infinite sequence of exchangeable random 
binary variables {Wk} corresponds a probability distribution Fu(u) 
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concentrated on [0, 1] such that for every permutation of the 
integers 1, ... , M and any given integer r E [0, M] 

a. Pr[W,. = 1, ... , w,. = 1, w,. = 0, ... , w,. = 0] 
I r r+l M 

= {u'(1-u)M-r dF(u) 
0 

b. Pr[L:f= 1Wk = r] = ( ~)J6u'(l- u)M-r dF(u) 

c. limM-.oo M- 1L:f= 1Wk = U 

with U having distribution function F(u). 
For the simplest proof see Heath and Sudderth (1976). The 

theorem can be extended to show that every infinite sequence of 
exchangeable variables is a mixture of independent, identically 
distributed random variables, c.f. Loeve (1960). 

Example 3.5. Let X; be independent binary variables and 
Pr(X; = 1) = 0, then T =I X; with probability 

Suppose 

then 

f( a+ ,8)0"- 1(1- 0) 13 - 1 

p(O) = f(a)f(.B) 

f(N +a+ ,8)01+"-\1- O)N-t+f3-l 
p(Oix<N)) = -----------­

f(a+t)f(N-t+,B) 

Pr[R = rlt] 

= J(~)8'(1-8)M-rp(Oix<N))d8 

f(M + 1)f(N +a+ f3)f(r + t + a)f(M + N- r- t + f3) 

f(r + 1)f(M- r + 1)f(a + t)f(N- t + f3)f(M + N +a+ /3) 
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Note that for a = {3 = 1 or a uniform prior on 0 the above reduces 
to 

Pr[R = rlt] = 

The latter result was also obtained without resort to a paramet­
ric formulation in example 3.2. 

Example 3.6. Suppose x<N) = cx<d>, x<N-d)) where x<d> rep­
resents copies fully observed from an exponential survival time 
density 

f(xiO) = Oe- 8x 

and x<N-d) represents copies censored at xd+l• ... , xN, respec­
tively. Hence 

L( 0) C1. ode-8Nx, 

when Ni = L:]"'x;. Suppose we are interested in the future number 
R of x<M> that will survive time y. Clearly, 

Pr[X> yiO] = e- 8y = r. 

Further assume 

then 

and 

Pr[ R = rlx<N>, y] = ( ~) J e-8Y'(1- e-8y)M-r p( Olx(N>) dO 

= ( ~)( Y + Nx)d+B ~~: ( M J r) 
X { - 1) i [ y + Nx + y { r + j)] - (d + 8 >. 
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If we let 8 ~ 0, y ~ 0, then 

Pr[ R = rix<N>, y] 

= ( ~)(Nx)d~~: ( M j- r )( -1)j[N£ + y(r + j)] -d 

the so-called noninformative case, Geisser (1982). 

Numerical illustration of Example 3.6. A random sample of size 
N = 20 from an exponential distribution with mean 1 was cen­
sored at x = 2 yielded .X= 0.749 and d = 18. In Figure 3.1, a plot 
of Pr[R = rix<20>, y] for M = 10, y = log2 is superimposed on the 
true binomial distribution B(lO, 0.5). In this case the predictive 
probability function tends to approximate the true probabilities 
except that as expected it tends to be more diffuse. 

Example 3.7. We suppose that now, 

f(xiO) = Oe-B<x-y>, 0 > 0, x>y> -oo 

the two parameter exponential density (Geisser, 1984, 1985b). 
Now let md = min(x 1, •.• , xd) and order the censored values as 
follows: x(l)~x<2>~ ··· ~x<N-d>· We shall also assume that the 
smallest value m is one of the fully observed values, m = m d :o;; 

x<N -d)· This will often happen in practice and avoids much heavier 
computation. Letting p(O, y) a o-I, we obtain the posterior distri­
butions, 

p(ylo,x<N>) =N0e8N(y-m) 

p(Oix<N>) = [N(x-m)]d-1od-2e-8N(x-m) 

for y < m 

0 > 0. 

From the above we can calculate the predictive distribution func­
tion or survival function of a future observation Z. The latter 
result is easily verified to be 

Pr(Z >z) = 

(
x-m)d-1 

1-(N+1)-1 -_- , 
x-z 

z:o;;m. 

z>m, 
(N + 1)[z- m + N(x- m)]d- 1' 
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Consider now the fraction of a set of future values Z 1, ••• , ZM 
that exceeds a given value, z say. Let 

if Z; > z, 
if Z; :::;;z 

for i = 1, ... , M so that Y = M- 1[Y1 + · · · + YM] is the required 
fraction. Now we have the conditional probability 

so that the probability function of Y can be obtained from 

where P( r lx) is the posterior distribution of the random variable 
r. The distribution of r conditional on e is easily calculated to be 

with 

'T:::;; 0. 
0 < 'T <min( e6<m-z), 1), 
'T ~ 1, 

{ 1 IJN(z-m) 
Pr[ r = 118, x<N)] = 0 - e if z < m, 

if z ~ m. 

By taking the expectation of the conditional distribution (den­
sity) of r with respect to the posterior distribution of e, the 
unconditional posterior distribution of T is obtained. For 0 < T < 1 
and 

-u a-1 rpe u 
Ia(p)=Jo f(a) du, 
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we obtain 

and 

+1-/d_ 1[N(:-_:)logT], m<z*i, 

Nd-1TN[ -logT]d-1 
___ r_(_d_) -- + 1-Id_1( -NlogT), 

Pr( T = 1lx) = { 1 - ( ~ ~: ( -
1

' 

0, 

z<m, 

z~m. 

We then obtain 

Pr(Y= ~~z) 

(~~7(- 1(N+;-1)f(N~M), r<M, 

1-~(i-m)d-1 r=M 
N+M i-z ' ' 

z<m, 

z=i, 

z<m, 

m<z, 



3.10 PREDICTION OF A FUTURE FRACTION 79 

and note that from de Finetti's theorem 

lim Y=r 
M-+oo 

with distribution function P( r ix<Nl). 
If we assume the conjugate prior p( y, (J) = p( y I (J) p( (J) such that 

p(yl8) =No8e9No(y-mol, y <mo 

p( 8) = [No( Xo- mo)] do-l(Jdo-2e-ONo(xo-mo)jr( do- 1) 

(J > 0, x0 > m 0 and 1 < d 0 =::;; N 0 , then it is easy to verify that the 
results are such that for d, N, x, and m we just substitute 
d* = d0 + d, N* = N0 + N, x* = (N0 + N)- 1(N0 x 0 + Ni) and 
m* = min(m0 , m) in the formulas. 

Numerical illustration of Example 3.7. Grubbs (1971) obtained 
data on the mileage at time of failure in service of 19 personnel 
carriers. The ordered values were 

162,200,271,302,393,508,539,629,706,777 
884,1008,1101,1182,1463,1603,1984,2355,2880. 

He assumes that a critical mission mileage of 200 miles is ordinar­
ily needed. We compute the chance that the next carrier will 
exceed 200 miles, and that 16 or more out of the next 20 will 
exceed 200 miles. Finally we calculate the chance that in a very 
large number of carriers, at least 80% of them will exceed 200 
miles. We obtain, for N = d = 19, m = 162 and x = 997.21, that 

Pr[Z;::: 200] = 0.910 

Pr[ Y20 :2: ~~ lz = 200] = 0.938 

Pr[ T;::: 0.8lz = 200, x, m] = 0.967. 

Example 3.8. Suppose now that X; ~ N(/-L, 0" 2) i = 1, ... , N + M. 
Let p(/-L, 0" 2 ) a: 1j0"2• Then it is easy to show that 

P(/-L, 0" 2ix<Nl) = P(IL 10" 2 , x<Nl)p( 0" 2ix<Nl) 

where 1-L I0" 2 ~ N(x, 0" 2 jN) and (N- l)s 2 /0" 2 ~ X~- 1 • 
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We note that using the Jeffrey's invariance criterion directly 
would have led to 

It is more usual to treat the invariance for JL and u 2 separately so 
that for known u 2 , 

p( JL) a I/( JL) 1112 a constant 

and 

Thus assuming a priori independence 

This prior could be obtained directly using the Kullback loss 
function at the end of Section 6, by demonstrating that it leads to 
the optimal predictive density of X N + 1 among all such predictive 
densities that are restricted to the form given in Example 3.7. This 
results in XN+ 1 - S[N- 1, .X, s2(N 2 - 1)/N] or that 

Further, for R the number of XN+ 1, ... ,XN+M that exceeds x 

where the random variable 

is a function of the random variables JL and u. This integral, as 
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well as 

M 

Pr(R ~ rix<Nl] = L P(R = jlx<Nl), 
j~r 

can be computed numerically. For large M we know that 

R 
lim - = 0 

M-->oo M 

by de Finetti's theorem. Further let {3 = (J.L - x) j u, then 

the distribution function of {3, where the density is given by 

for 

i -x 
d= N 

(N -1) 112s 

and (N- l)s 2 = L:~(x;- i)2 (Geisser, 1967, 1987a). One can also 
show that 

where T is the noncentral student variate with N - 1 degrees of 
freedom and noncentrality parameter ..\ = JN <I> -l(l - 00 ) 

(Aitchison 1964). Now since <1>({3) = 0, 

which can be evaluated numerically. It can be shown that as N 
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grows the distribution of f3 tends to N(iJ, uj) where 

_ _ ( 2N- 3 ) 112 

/3 -k 2N- 2 

k2 
2 -N-1 + u13 - -2(-N---1-) ' 

and k = dVN- 1 (Geisser, 1967). Therefore 

and 

where n(f3) is the density of a normal variate with mean i3 and 
variance uj. All of these results will also hold more generally if 
the normal variables X1, .•• , XN+M are exchangeable with com­
mon correlation p ~ 0. 

Numerical illustration of Example 3.8. A user of expensive ball 
bearings is planning to purchase 1000 whose advertised diameter 
is 0.8 (mm). A random sample of 30 yields a mean diameter (mm), 
i = 0.8056 with s = 0.00928. For a certain industrial use it is 
necessary that the diameter (mm) of a ball bearing exceed z = 0. 79 
for its efficient use. The user will be satisfied with his purchase if 
he has a degree of assurance that at least 90% of his purchase can 
be efficiently used. We now compute the probability, that at least 
900 out of the 1000 will meet the need for efficient use. 

Now, from the noncentral T distribution or from the distribu­
tion of f3 we calculate the exact asymptotic value, Pr(O ~ 0.910.79) 
= 0.913. We can calculate 

1000 

L Pr(R = rix<N)] 
r=900 

numerically with the use of a computer. This turns out to be 0.910. 
However, if M = 20 so that 90% or more yielded R ~ 18, the 
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"exact" calculation yields 0.881. Hence the asymptotic value is 
3.6% larger. For M = 100 and R ;:o: 90 we obtain 0.894 and the 
error is less than 1.8%. Hence depending on M and the tolerable 
error, the easier asymptotic calculation may serve the intended 
purposes. Calculations of this sort are only available in a Bayesian 
approach. 

3.11 Linear regression 

Let the observables Y be related as 

Y=X{3+U 

, ... , 

, ... , XNp 

where X is known, f3 unknown, and 

Hence, 

f Y ( y) = --( 2-'TT"-)--:-N:-c/2:-0"-N--

where y is the realization of the vector Y. 
For the noninformative prior 

2 1 
p(f3,u ) a 2 , 

(T 
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For 

we have the identity 

(y- X{3)'(y- X{3) = (y- x{i)' (y- X{i) + (/3- {3)' X'X(f3- {3). 

Now by integrating out u 2, where (N- p)s2 = (y- X{iY(y- X{i), 

f(N/2) 
p({3iy) = 1/2 

1TP12 f( ( N- p )/2) ls 2 ( X' X) - 11 ( N- p )P12 

[ 
(/3- {3)' X' X(f3 - {3) l-N/2 

X 1 + _;__--'-----'-::----'-
(N-p)s2 

or 

{3- SP[ N- p, {3, ( N- p )s2 ( X' X) - 1] 

a multivariate student distribution. 
Suppose we are interested in predicting a set of M new 

variates 

at known design matrix 

Wu, ... ,w1p l 
W = . . . . . . 

WM1, ••• ,WMp 

such that 

Z= W{3+ U 

where 
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Then for the future set Z 

Let 

A=l+W(X'X)- 1W' 

then we can calculate 

f{(N +M-P)/2) 
f(zly) = '7TM/2f((N-p)j2){N-p)M/21s2AI1/2 

[ 
( z- w{3)' A -1( z- w{3) l-<N+M-p);z 

X 1 + -'----'-----'--=------'-
(N-p)s2 

or 
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A joint predictive region for Z can be obtained from Z IY by 
noting that 

( z- w{3)' A - 1( z- w{3) 
--'-------'-------'--::------'- = F 

(N-p)s2 M.N-p 

an F variate with M and N- p degrees of freedom. For the 
special case M = p = 1 so that we are dealing with i.i.do normal 
variates, the predictive density is easily obtained as 

sh +N 

3ol2 Low structure Bayesian prediction 

Let Xp 0. 0, XN, XN+ 1, 0 •• , XN+M be exchangeable and specify 
that conditional on the realized values of X; = x ;, i = 1, 0 0 0, N the 
predictive probability for a given R, the number of future observ­
ables XN+ 1,. 0 0, XN+M• that will be observed between the consec­
utive observed order statistics Yo < y 1 < 0 0 0 < y N < y N + 1 where 
Yo= - oo and YN+ 1 = oo, will be equal (Hill, 1968). Although this 
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probability will differ for each R = 0, 1, ... , M, it is assumed 
constant for any given R. For M = 1, this assumption was pro­
posed by Hill (1968) and the assumption here is easily derivable 
from Hill's. This implies that the results given previously in 
Section 1.2 or Chapter 2 will coincide with these. The reasonable­
ness of this assumption as a Bayesian evaluation for all N was 
foundationally demonstrated by Lane and Sudderth (1984). The 
difference between the approach here and in Chapter 2 is mainly 
in the interpretation of a conditional predictive probability and 
one based on repeating sampling. This has been extended to right 
censored observations and ties by Berliner and Hill (1988). 
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CHAPTER 4 

Selecting a statistical model 
and predicting 

Statistical models are often simplifications of extremely compli­
cated phenomena and it is a mistake to necessarily assume that 
any such model is a true representation of the underlying process. 
What is assumed is that the model is useful for some purpose such 
as a parsimonious description or predicting future occurrences. 
Hence selecting a model, irrespective of its truth, that best serves 
such purposes is the goal of model selection. 

In this chapter we first start with a situation where several 
models are entertained and indicate how one selects the most 
probable model and how this may differ from a pure prediction 
problem. From there we present several large sample model 
selection procedures as well as several useful sample reuse proce­
dures when strong prior assumptions are muted. Further, once a 
model is entertained, methods for criticizing it are presented. 
Predictive methods for the detection of discordant observations 
and diagnostics for highly influential observations are also pre­
sented. 

4.1 Complete Bayesian model selection 

Suppose there are K possible models M1, ..• , MK for considera­
tion with regard to a data set x<N>. Let 

88 
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Assume that for Mk the model specification for the data is 

where (Jk represents a set of parameters specified by Mk. 
Now for any Mk we can also calculate 

Hence to predict a future value XN+l given Mk 

Now if we want to select the single most probable model of the 
several entertained we would select Mk*' such that 

where 

and 

However, using Mk* for predicting would not be optimal unless 
there was a sufficient penalty for using more than one model for 
prediction. This is easily seen since the unconditional predictive 
density is 

K 

f( xN+lix<Nl) = L q~f( xN+lix<Nl, Mk)· 
k=l 

Hence optimal prediction would in general apply a loss function 
to this mixture of densities. 
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Example 4.1. Suppose we have a set of data with two labels 
such that the realized values of 

X (NI) -x<NI)- (x X ) x<Nz) -x<Nz)- (x X ) 
- - 1' · · · ' N 1 ' - - N 1 + 1' · · · ' N 1 + N2 · 

Assume the model specifications are 

M1: X; i = 1, ... , N1 + N2 are i.i.d. with density 

f(xiO) = 8e-ox 

p(OIM1) a oB- 1e-y11 • 

M2 : X;, i = 1, ... , N1 are i.i.d. with density 

f(xiO) = 81e-IJ 1x 

p( 81 151, y 1) a Of1 - 1e-y1111 

independent of 

X;, i = N1 + 1, ... , N1 + N 2 that are i.i.d. with density 

f(xiO) = 82e-Ozx 

p(021f'2,52) a (}~z-1e-yzl1z. 

For prediction conditional on M1, 

( N + S)(N.- + )N+I'i 
( I (N) ) - X /' f zj x 'M1 - N+l'i+1 

( N.i + y + zj) 

where j = 1, 2 represents the label. Here the label is irrelevant. 
Further, conditional on M 2, 

where xj represents the sample mean from the jth label. For 
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selection of the "best" model choose the larger of 

or 

where 

Note that unless f(x<NliMk) is a proper density there may be 
some difficulty in the implementation of this procedure. 

The question then is what do we do once we select the best 
model? Presumably it affords the "best" single description among 
those entertained. Should we now use it for prediction? If we do, 
we know that it is not optimal under any loss function except one 
that reflects a principle of parsimony that states that one should 
only use one of the K models for prediction. Many scientific 
workers appear to agree with this when the K models are physi­
cally meaningful and exhaustive. In usual circumstances, however, 
optimal statistical prediction depends on a calculation of 

and applying a loss function to this density. 

4.2 Large sample model selection 

Often the specification of a proper prior for 8 is either too 
difficult or not terribly meaningful as these models are at best only 
adequate approximations to data-generating mechanisms. One 
asymptotic approach is as follows: Suppose for nested models the 
number of unknown parameters of Mk is mk, then Schwarz 
(1978) shows, for the exponential class of likelihoods and a special 
class of priors that puts positive probability on the subspaces that 
correspond to the competing models, that the large sample limit 
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of the Bayes procedure depends on the first two terms of the 
following expression, 

log qd( x(N)IMd,;, log f( x(N>iok, Mk)- mk logiN 

1 7T 
+ -mk log-+ log qk, 

2 A 

where Ok is the MLE (maximum likelihood estimator) and A> 0. 
Further the last two terms on the right-hand side are bounded in 
N for any given x(N) and hence are small relative to the rest 
under the assumption of an equal fixed loss (or a loss that is never 
outside of fixed bounds) for choosing the wrong model. This tends 
to be independent of the qk's as well if they are bounded away 
from 0 and 1. If the qk's are equal, the approximation is better. 
Here we use the first two terms and choose the model that has the 
largest log S k where 

Leonard (1982) has pointed out that the proof by Schwarz will 
hold for nonnested situations as well. 

Another approach was proposed by Akaike (1973). This in­
volves the quantity 

derivable from an information theoretic approach. One chooses 
the largest log A k using the first two terms, i.e., 

to select the model. Note that in situations where both procedures 
apply, 

log Ak =mk[log{N -1]. 
sk 

This difference grows with N. 
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Also we can express 

For nested situations, where 

selecting Mk in preference to Mk'' requires 

or 

The relative penalty (the coefficients of Sk') increases rapidly with 
N for N ~ 8. Hence the Akaike procedure is also an asymptotic 
Bayes procedure but with a severe relative penalty incurred when 
a false lower dimensional model is selected as opposed to select­
ing a false higher dimensional model. For prediction problems this 
often makes good sense. 

Other penalized likelihood methods are generally of the form 

where C may be a constant, a function of N or even of x<N) 
(Smith and Spiegelhalter, 1980; Atkinson, 1980; San Martini and 
Spezzaferri, 1984). 

4.3 Sample reuse approaches to model selection 

Let X 1, ... , XN be a random sample from f(xl8k, Mk). When 
fk = f(x 1, ... ,xNIMk) does not exist but f(xjlx]N-I),Mk) does, as 
will occur with an improper prior for 8 k, let 

N 

.!?k = 0/( xjlx]N-1), Mk), 
j~l 
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where f is an "estimate" of f(xiOk, Mk). Now f can be either the 
maximum likelihood estimate, i.e., != f(xjiOk(j)• Mk) where ok(j) 
is the MLE with xj deleted, or some f based on a loss function, 
say, the Kullback divergence or the conditional predictive density 
based on an improper prior density. The rule is to choose 
Maxk .:?k =.:?k* so that the best choice is Mk* (Geisser and Eddy, 
1979). Similar considerations involve 

N 

Pk = nf( xjlx0 - 1>, Mk) 
J=l 

where 

However, we start at the first t for which in all Mk 

exists noting that in the Bayesian case the prior was such that 
f(x 1, ••• , xNIMk) did not exist for all Mk. Hence we use the 
product of existing estimative or conditional predictive densities 

N 

Pk= nf(xjlxt- 1>,Mk) 
]=t 

and choose Mk* such that 

When t is sequenced in time, there is a natural order to this 
procedure. When this is not the case the value for Pk will depend 
on which of the xs were designated as x1, .•. , x1_ 1. For very large 
sample sizes it may not matter very much (cf. Dawid, 1984). For 
moderate sample sizes one could repeat the process using all 
possible subsets of the initial t observations drawn from the N 
and comparing the averaged values of the various P1, ... , PK for 
purposes of selection. Also in certain situations another type of 
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adjustment can be made to k as described in the latter part of the 
following example. 

Example 4.2. Suppose we have two sets of data and we want to 
select either 

or 

Ml: x<N) = ( x<Ntl, x<Nz)) i.i.d. with density 

f(xiO) = 8e-ex 

j= l, ... ,N1 

with density 

and for j = N1 + 1, ... , N1 + N2 , the density is 

Hence under M1 the approach that uses the MLE is 

where (N- l).x\n = N1i 1 + N2 x2 - xj. The conditional predictive 
density approach yields 

for p(O) a o- 1. Further under M 2 the approaches yield 

or 
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where (~ - 1).X iUJ =~.X; - x ij and p(6) a 6;-I for i = 1, 2. One 
then compares 

with 

N 

II= n (N -1)[(N -1).X(j)r-I/(N.i)N 
j=I 

or compares 

with 

For the Akaike procedure one compares 

-log AI= N + 1 + N log .X 

with 

For the Schwarz procedure one compares 

-log S I = N + -i log N + N log .X 

with 

-log S2 = N +log N + NI log .XI+ N2 log .X 2 • 
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For the third method, using the joint predictive density condi­
tional on x1, one compares 

with 

the joint density conditional on x 1 and x N, + 1. Although we have 
used x 1 and x N, + 1 here, one could have used in the numerator 
any X 1 and xk where 1 :$ t :$ N 1 and N 1 + 1 :$ k :$ N 1 + N 2• One 
could average over all choices of xj, the first observation condi­
tioned on, then 

and similarly averaged over all choices x 1 and x k so that 

Note that in this situation we have violated our rule for starting 
out at that x 1 such that all models have a proper conditional 
predictive density. We suggest here also the possibility of using 

i't =Pd(x 1) 

Pz = Pzf( Xr)f(xN,+I) 
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where f(x) is obtained by solving 

or 

p(8)f(xl8) =p(Oix)f(x) 

1 
-. oe-ex =xe-exf(x) 
8 

1 
f(x)=-. 

X 

This then results in 

_ f(N) 
p =--77 

1 (Nx)N 

_ f(N1)f(N2 ) 
P=------:-,-----....,.,... 

2 (Nixt)Ni(NzXztz. 

Pk, Pk, and i\ for i = 1, 2 are asymptotically equivalent. The use 
of Pk avoids the necessity of concerning oneself with which X; is 
the initial one or of averaging. 

Numerical illustration of Example 4.2. The data on the number 
of correct ledger entries between errors by two bank clerks, 
excerpted from Geisser and Eddy (1979) and assumed to be 
approximately exponential, are recorded in Table 4.1. 

We now wish to determine whether to consider the two clerks 
as basically interchangeable with regard to their entry distribu­
tions. 

Table 4.1 Correct Ledger Entries between Errors for Clerk 1 and 3 

Clerk 1 
734,121,404,646,1072,148,312,773,43,1102,111,641,754 
598,86,2138,150,1047,907,165,166,6, 94,1023,903,355. 

Clerk 3 
726,883,142,196,14,1905,456,2565,610,1263,347,881,1214 
248,195,548,234,1096,530,338,356,217,195,77,392,3114. 
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We then calculate the following model selection statistics: 

log sl = -389.91 

log S2 = -391.46 

log A 1 = -388.94 

logA 2 = -389.51 

log f\ = -388.99 

log P2 = -388.92 

log L1 = -392.84 

log L2 = -392.41 

log L1 = -389.02 

log L2 = - 389.60 
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The Sk, Ak, and Lk methods favor a single exponential model 
while the Pk and Ik methods favor different exponential models 
although none of them yields overwhelming evidence in this 
regard. In this example, then, it is quite likely that with regard to 
prediction it will not matter very much whether one used the same 
or separate exponential models. 

It is easy to see for this problem that as N1 and N2 grow for 
.Yk = Ik or Lk that 

This will hold much more generally as shown by Stone (1977) and 
Dawid (1984). 

For the case where we have two normally distributed groups of 
N1 and N2 observations, respectively, whose population means 
may possibly differ, then a positive value for 

will favor M 2 and a negative value will favor M1 when the 
common variance u 2 is known. 

When u 2 is unknown the calculation of log P2 jP1 is as tedious 
as some of the previous methods, but for sufficiently large N1 and 
N2 the substitution of s 2, the pooled estimate of u 2 , should 
suffice. 

In nested situations for sufficiently large N, the procedures 
denoted by 2k and A k will tend to favor the higher dimensional 
models as compared with the Qk and Sk selection methods. The 
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former methods penalize more heavily a lower dimensional error 
than a higher dimensional error. This can be justifiable if predic­
tion is the ultimate goal. 

4.4 Low structure sample reuse model selection 

When the formulation of parametric likelihood models is dubious, 
a more primitive point predictive function can be used to provide 
guidance on some aspects of modeling. Suppose the possibilities 
for predicting, using model Mk, imply as previously a predictive 
function for the next observation 

- h( (N) (N) M ) XN+1,k- X ,z ,z, k. 

Then to predict xj, the jth observed value under Mk using x~N- 1) 
we employ 

.X. = h(x~N- 1) z<N) M ) 
jk J ' ' k • 

The discrepancy for Mk is 

where d( ·, · ) represents a defined discrepancy measure between 
the observed xj and its predicted value xjk under Mk. Low 
structure "model selection" selects the Mk that optimizes Dk. 

Example 4.3. Suppose a set of observations is such wherein 
each observation has one of two labels and we wish to determine 
whether the label discriminates with regard to prediction. Let 

and x<N) = (x<N1>, x<Nz)). Then the question arises, given a predic­
tive function, will prediction be better if we treat the set of 
observations as emanating from one or two populations? Assume 
the predictive function is i the grand mean if the label is 
irrelevant, i.e., M1 or (i 1, i 2), if the label is relevant, i.e., M 2 • 
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Using squared error we have under 

2 Nk 

M1: D1 =N-1 L L (xkj -x(kjl, 
k~lj~l 

and under 

2 Nk 

M2: D2=N- 1 L L (xkj-ikU)) 2 , 
k~lj~l 

Hence we choose M1 if D 1 .::::;; D 2 and M 2 if D 1 > D 2 • For N1 = 
N2 = 1;?: 2, D 1 > D 2 is equivalent to choosing M2 if 

1(x1 -i2 ) 2 41-3 

2s 2 >2(1-1) 

where 

2 J 

(N-2)s2 = L L (xkj-xkt 
k~lj~l 

Applying this method to the illustration of the example of 4.2 
involving the two clerks, we obtain D 1 = 426579 and D 2 = 432318, 
thus favoring M1• 

If all the xjs were actually i.i.d. and N(j.L, u 2 ) under M1 and 
under 

M (N) .. d N( 2) 2' X t 1.1. • j.L 1' U' 

then under M1 

where F1 21 _ 2 is an F-variate with 1 and 21- 2 degrees of 
freedom. Hence the probability of choosing M1 when M1 is true 
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is 

Note that as J grows CiR),;, Pr[F1, 21 _ 2 :$; 2] and 

lim CJCR) = Pr[x; :$; 2] = 0.843. 
J->oo 

For this particular situation the Akaike procedure's choice of M 1 

is equivalent to 

Hence it can be calculated that the probability of correctly 
selecting M 1 is 

Pr[ F1, 21 _ 2 < 2(1- 1)( e111 - 1)) = CJC A) 

lim CJCA) = Pr[x; :$; 2] = 0.843. 
J->oo 

For the Schwarz procedure, the probability of correctly choosing 
M 1 is 

and 

lim CJCS) = 1. 
J->oo 

Hence only the Schwarz procedure is consistent. For J ~ 4, 

For J~ 6 
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But for B1 representing the probability of correctly selecting M 2 

and 

lim BAS)= 1. 
J-+oo 

4.5 Predictive model criticism 

Here the situation assumed is that one model either conceptually 
appears to be preeminent in its explanatory or predictive potential 
or this model has proven adequate for the purposes intended from 
past experience and initially no other alternatives are entertained 
until this model's adequacy is sufficiently doubted. 

Assume model M is represented by 

f( x<N)\8, M)p( 8\M) = f( x<Nl, 8\M). 

Calculate the marginal density of the observations, 

f( x<Nl\M) = j f( x<Nl, 8\M) d8. 

Now Box (1980) suggests that by referring the observed set of 
values x<Nl to the above density we can criticize the model via a 
significance test. This is basically a predictive significance test, 
e.g., 

and when this P-value is sufficiently small, doubts about the 
adequacy of the model are raised. Sometimes a scalar checking 
function T(x<Nl) = T with observed value t = t(x<Nl) is used so 
that 

Pr[fr(T\M) ::;fr(t\M)] =P. 

Example 4.4. Let x<N) be a random sample from 

f(x\8) = 8e-lix 
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and 

Hence 

f(N + 8)"' 8 

f( (N)I, ) = I X u,y ----------------N=+~{) 

f(8)[xl + ... +xN+y] 

and 

Pr[f(X<N>i8,y) ~f(x<N>i8,y)] =P 

[ 
f(N + 8)y8 f(N + 8)y8 l 

= Pr f( 8)[T +8tH ~ f( 8)( t + 8)NH = Pr[t ~ T] 

where T = I X;. Now it is easily seen that 

and 

Note that 

fr(tiO) = -f-(N-)-

f(tl8,y) = jf(tiO)p(OI8,y) dO 

y{)tN-1 
= f( 8)f( N) f oNH-le-IJ(y+t) dO 

y 8 f(N + 8)tN-l 

f(N)f(8)(t + y)NH. 

8 T 
U = - . - - FZN 28 N y , 
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and 

(
N)N f(N+8) UN-l 

fu(u) = 8 f(N)f(8) [1 +u(Nj8)]N+O 

so that if 

Pr[U> u] =P, 

is sufficiently small the model M is in doubt. 
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Numerical illustration of Example 4.4. We shall apply the re­
sults of Example 4.4 to the data on the two clerks in Table 4.1. 
Suppose past experience indicated that E(X),;, 500 for clerks. 
Hence y,;, 500(8- 1), since 

8y2 
V( X) - --------,:;­

- (8-2)(y-1) 2 
8 > 2. 

Suppose now we had no idea of what 8 might be and we were not 
willing to use any particular value of 8. Consequently we can 
perform the test for a whole range of values of 8 and report the 
resulting levels of significance. Now 

~ 8 8 
U1 = N

1 500( 8 _ 1) = 1.055 8 _ 1 - F(26, 28) 

and 

T2 8 8 
U2 =- =1.175---F(26,28). 

N 2 500( 8 - 1) 8 - 1 

For all 8 > 2 for Clerk 1, the significance level never falls below 
0.4 and for Clerk 3 it never falls below 0.3. In neither case does 
the test cast doubt on the adequacy of the model. 

This approach seems to work well in many cases and requires 
the existence of f(x<N>IM), which is ensured only when p(OIM) is 
proper. That this procedure is not always sensible is demonstrated 
in the next example. 
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Example 4.5. Suppose X1, X2 , ••• , is a sequence of i.i.d. 
Bernoulli variables P(X; = 1) = (} = 1 - P(X; = 0). Suppose we fix 
the number of trials and let Y = L:fX;. Now 

Let p(OIM) = 1, (} E (0, 1). Now 

Pr[Y = yjM] = f( ~)(JY(1- (J)N-y p((JjM) d(J 

=(N)y!(N-y)! =-1-. 
Y (N+1)! N+1 

Hence no model criticism of the kind defined is available. 
On the other hand suppose the experiment was terminated as 

soon as y successes were obtained so that N is random. Further 

Pr[N = niO, M] = (; = ~ )eY(1- 0(-y n=y,y+1, ... 

and 

Pr[N = niM] = ( n := ~ )JeY(1- e(-y p( elM) de= Y 
Y n(n+1) 

which is a decreasing function of n. Hence model criticism exists 
for the right tail. Suppose N = n0 is observed then 

00 y y 
Pr[N~n0IM]= L ( =-=P. 

n=non n+1) no 

Note that y jn0 = 8, the MLE of 0. Hence the smaller 8 the more 
the model is doubted-but why? Conversely if we stop after a 
fixed number of failures and N = n0 is observed then it is easy to 
show 

oo no- Y Y A 

Pr[N~n0 IM] = L =1--=1-(J=P. 
n=non(n+1) no 
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Hence the P-value decreases, as 1 - 8 decreases or as 8 increases. 
Thus the larger the MLE the more the model is doubted, which is 
the opposite of the previous case. Now in each of these three 
cases we have the same probability mechanism, the same prior, 
the only difference is the stopping rule. So with regard to the 
model only the stopping rule can be doubted in two of the three 
cases-but this is absurd. The reason that this happens of course 
is that the marginal predictive probability function depends 
strongly on the stopping rule. Hence the likelihood principle has 
been contradicted and caution should be exercised using the 
procedure. 

4.6 Predictive significance testing for discordancy 

Suppose when obtaining an observation X;, it was noted that some 
untoward event occurred that may have affected the outcome. An 
assessment can be made of the discordancy of the observation on 
the basis of the predictive distribution of X; (generally prior to 
observation or independent of the observed value) by a predictive 
significance test. We calculate, for a suitable region R, 

where to ease the notation, x<N> =(X;, XU>). Now if P; is small 
enough one could reject the hypotheses that X; was concordant 
with X(i) assuming X(i) concordant with M. 

There are two basic ways of implementing the test, i.e., finding 
the region R of rejection: 

1. One could order the values of the range of X; as to their 
"scientific" departure from compatability with the rest of the 
observations, e.g., the further from the center of the predic­
tive distribution the greater the doubt. The center could be 
E(X;Ixu>' M) or Mode(X;ixu>' M) or Median (X;ixu>' M) and 
R could represent tail areas. 

2. One could use the lowest probability density (LPD) region 
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For a symmetric unimodal predictive probability function both 
methods will yield the same R in two-sided situations. Even if 
xi tests as a discordant or outlying observation one may also 
be concerned as to the effect it would have on the particular 
inference or decision in question. Here one can compare the 
predictive distributions Fz(zlx(i)) and Fz(zix<N>) of a future 
observation or set of observations and decide whether or not 
to include xi in the inferential analysis. Methods for the 
comparison will be discussed in a later chapter. 

Suppose one did not have any prior suspicion but merely did 
some data ransacking or dredging with diagnostics of various 
kinds on the possibility of there being some potentially discordant 
observations. 

We now list various predictive diagnostics that might be used in 
ransacking the data when dealing with random samples: 

3. P; itself in any of its manifestations can be considered a 
diagnostic and min;P; is a potential candidate if sufficiently 
small. 

4. The deviation A; of X; from its predictive mean, mode, or 
median with the max A; being a candidate (these could be 
related to P; through R). 

5. The conditional and unconditional predictive ordinates (CPO 
and UPO) such as 

and either min; d; or min; u; can be used. 
6. Measures of the difference between the predictive distribu­

tions of a future observation based on x<N> and x(i) can be 
used, e.g., 

sup IF( zix<N>, M) - F( zlxu>' M) I= S;. 
z 

Max; S; is then the prime candidate. Another is the Kullback 
divergence 

[ !( zlx(i)' M) l 
E log f( zix<N>, M) = K; 

which would yield max; K; as the prime candidate. 
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Any member of the class of Hellinger distances 

can be used and max; Ht for the particular n is a candidate. 
If a review of the generation of the data set did not disclose any 

currently known or possible circumstance that could have affected 
the candidate, a statistical determination of its potential discor­
dancy may be in order. 

The problem then to be addressed is how to conduct a signifi­
cance test for such a candidate. Presumably we should take into 
account how the candidate was chosen by the diagnostic in con­
structing a test. Say the diagnostic was H and H(x(Nl) = Xc was 
the prime candidate. We then would calculate 

Pc = Pr[ Xc E RciM, Hj 

unconditionally where Rc is the region plausibly dictated by the 
diagnostic's method of choice, i.e., that chose Xc as potentially 
most discrepant. We shall denote this as an Unconditional Predic­
tive Discordancy (UPD) Test (Geisser 1989, 1990b). 

Example 4.6. Let X 1, ••• , XN be a random sample from 

f( xl8) = oe-(lx. 

Suppose the diagnostic led to the plausible choice of 

then 

Xc = maxx; 
l 

Pr(Xc >xciM,O,C) = 1- (1-e-xcii)N 

Pc = Pr(Xc >xciM, C)= 1-J (1- e-xcllt p( 8) dO. 

Now suppose 
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then 

Pc = I: ~ ( -1)j+l oXo. N ( ) ( N. - ) No 

j=l J Noxo + JXc 

Example 4.7. Let X 1, ••• , XN be a random sample from N(fJ, 1). 
Assume (J is N({3, -r 2 ) where {3 and -r 2 are presumed known. Now 
the marginal distribution of X; is N({3, 1 + -r 2). Further the pre­
dictive distribution of Z is N(a, b5) where 

Hence for Z based on x(i) rather than x<N>, Z is N(a;, b2), 

and (N- 1)i(i) = L.j,.,ixj. 
In this instance all the unconditional discordancy indices previ­

ously discussed select the X; that maximizes lx;- {31 or the check­
ing function 

If a particular x; had been flagged prior to observation, then 

To implement the unconditional test based on ransacking the data 
we note that X= (X1, ••• , XN)' is distributed unconditionally as a 
multivariate N(J.L, I) where J.L = {3e, e = (1, ... , 1) ', and I is a 
known matrix with equal diagonal elements 1 + -r 2 and equal off 
diagonal elements. One then would find the distribution of the 
maxiX;- {31 or max(X;- {3)2/(1 + -r 2 ) = VJ, i.e., the maximum of 
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N correlated xf variates. The calculation of 
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would then result in the significance level for the UPD test. It is 
clear that even for such a simple normal case, the calculation can 
be quite arduous, especially in cases where the variance is also 
unknown. 

Clearly a UPD test will not exist when improper priors are 
used. Since these priors are often quite useful in Bayesian analy­
sis, we propose a procedure for dealing with this situation. 

A way of approaching the problem is to consider the predictive 
distribution of the choice of the diagnostic Z(x), where say the 
diagnostic orders the observations from least discrepant to most 
discrepant, j = 1, ... , C. We then calculate the ordinary predictive 
distribution of Xc and Z(Xc) conditional on the rest of the 
observations and adjust by the following calculation 

where Xc_ 1 represents the diagnostic's choice of the second most 
discrepant observation and where larger values imply greater 
discrepancy. Then one determines whether it is sufficiently re­
moved from the next most discrepant value. We denote this as an 
adjusted Conditional Predictive Discordancy Test or simply a 
CPD test. 

Example 4.6 (continued). Let x<N) be a random sample from 
the exponential distribution with prior density as in Example 4.6, 
then 

Of course this would be inappropriate after ransacking. One way 
of adjusting this to give a sensible answer is to calculate 

where Xc and Xc-I are largest and second largest observations 
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and xcc) denotes the set of observations with Xc deleted, since all 
sensible discordancy indices would lead to the largest as the 
potentially discordant candidate. 

The significance level for the proposed adjusted or Conditional 
Predictive Discordancy ( CPD) test for the exponential problem 
previously discussed is 

p = oXo + x +xc-1 -xc [ 
N. _ N- ]N0+N-1 

c Noio+N:i ' 

which depends not only on the prior hyperparameters N0 and i 0 

but on the observables xc, Xc_ 1, i, and N. We also note that the 
test exists as N0 ~ 0, which yields the useful improper prior that 
purports to reflect little prior information relative to the likeli­
hood. For example, N0 ~ 0 results in 

p(8) a e- 1 

and 

[ 
N - ]N-1 . x+xc-1-xc 

hm Pc= 
N 0 ->0 Nx 

( 4.1) 

This, it is easy to show, leads to the same significance level one 
would obtain from the frequentist statistic 

Xc-Xc-1 
W= ----==--

NX 

that would be used to test for discordance, so that the frequentist 
calculation 

Pr[W>w] =Pc. 

is equivalent to Eq. (4.1). 
However the usual frequentist approach is to calculate the 

frequentist significance level for 
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which is 

( 2-t ) Pr[T>t]=N(N-1)B -,N-1 
1-t 
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when B( ·, ·)is the beta function (Dixon 1950, 1951; Likes, 1966). 

Example 4. 7 (continued). For the normal case of Example 4.7 
we suggest using the CPO approach to test discordancy and for 
the subsequent normal sampling that we shall discuss. For Exam­
ple 4.7, conditional on x(i)' the checking function was 

(z-a.)2 

v2 = -b-' - xf. 

A conditional significance test can be calculated as 

or 

1-F(vi) 
p c = -1---F....,...( v-'-::2----'--:-) 

C-1 

where F( ·) is the distribution function of a xf random variable. 
The result then is immediately available from the xf distribution. 

Example 4.8. A particular case of greater interest is when the 
random sample is from a N(JL, u 2 ) and JL and u 2 are unknown. 
To make this situation closely correspond to a conventional fre­
quency analysis we let the prior density be 

noting that now the UPD test is unavailable. Again computation 
of any of the reasonable discordancy indices will lead to the 
selection of that X; that maximizes (x;- x(il or the checking 
function 

(x; -xul)\N -1) 

Nsf;) 
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which will yield the same xc, since slc) :$ s(~) where (N- 1)i(i) = 

Lj*ixj and (N- 2)s5) = Lj*i(xj -i(i))2• 

We note that the predictive distribution of the checking func­
tion 

conditional on x(i) has an F1.N-z distribution. Hence to test for 
discordancy of Xc we can calculate the conditional or adjusted 
significance level 

1-F(w~) 

1-F(w~_ 1 ) 

where w~_ 1 is the observed second largest standardized deviate 
and F( ·) is the distribution of an F variate with 1 and N - 2 
degrees of freedom. 

Numerical illustration of Example 4.8. As an application of 
Example 4.8, consider the following experiment (Barnett and 
Lewis, 1978) on crushing strength of cement made up of 10 test 
cubes from a particular mix. After a suitable hardening period the 
observed strengths of the cubes in pressure per square inch is 
determined to be 790, 750, 910, 650, 990, 630, 1290, 820, 860, 710. 
We assume, as the aforementioned authors, that previous experi­
ence has indicated that the normal distribution is adequate for 
crushing strength observables. The maximum discordancy index 
occurs obviously for the value 1290 resulting in w~ = 15.873, with 
the second largest for the value 630, yielding w~_ 1 = 1.827. Hence 
Pc = 0.02. 

Example 4.6 (continued). In this elaboration of the previous 
example we now allow for censoring but restrict ourselves to the 
noninformative prior. We are dealing with independent copies of 
exponentially distributed random variables. Now suppose that 
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X 1, ... ,Xd are fully observed and Xd+ 1, ... ,XN are censored at 
xd+I' ... , xN. Let Xc and Xc-I be the largest and second largest 
observations, respectively. Calculate the usual predictive distribu­
tion of Z based on x(C) and then compute 

where (N- 1).X(C) is the sum of the observations with Xc deleted 
and for d ~ N- 1, c = d or d- 1 depending on whether Xc is 
censored or not and c = N - 1 if d = N. For further elaborations 
on this problem see Geisser (1989). 

Numerical illustration of Example 4.6. We use the data on the 
number of correct ledger entries between errors by bank clerks 
given in the illustration of Example 4.2. The largest entry, 2138, is 
tested as a possibly discordant observation by 

( 1102 + 12,361 ) 25 

p = = 0.16. 
c 2138 + 12,361 

The Pc value does not cause us concern as to the possible 
discordancy of the entry 2138. If suspicion about the discordancy 
of this value was for reasons other than it was the largest, then we 
could be concerned because 

( 14 499 ) 25 

P; = 14,49; + 2138 = 0.03. 

Example 4.9. Using the linear regression setup of Chapter 3, 
Section 11, the predictive density of 
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is distributed as an F1,N_ 1 _P variate where 

riul = ( X(ilX<il) - 1 X(ilY<il 

( N- 1 - p) s&l = ( y<il - Xulriul )' ( Y(i) - X<il{i(i)). 

Hence a CPD test for a previously suspicious ¥; and associated xi 
would entail calculating 

where F(·) is the F1,N_ 1_P distribution function. If on the other 
hand Yc is flagged by a diagnostic then for the adjusted CPD test 
we calculate 

1-F(u2 ) 
P P [u2 21 u2 2 2 ] c c= r >uc >uc-1,u(C) = _ ( 2 ) 

1 F Uc_ 1 

where u~ and u~_ 1 are largest and second largest values of uf, 
i = 1, ... , N. For a numerical illustration see Geisser (1987b). 

Discordancy testing procedures can be developed from both 
the conditional and unconditional approach (Geisser, 1989, 1990b). 
There are several aspects of the conditional approach that many 
statisticians may find appealing. The first is that the test proce­
dures depend more on the conditional distribution (likelihood) of 
the observables than the unconditional procedures, which depend 
more heavily on the prior for 0. The second is that the conditional 
approach can be used either with proper or certain useful im­
proper priors, while the unconditional requires a proper prior. A 
third aspect is that the conditional approach will often lead to 
much simpler computations than the unconditional approach. 

It is to be noted that all these tests are essentially subjective 
assessments and are not grounded in a frequency theory as there 
is no attempt to tie this to a class of repetitions. 
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CHAPTER 5 

Problems of comparison 
and allocation 

A large number of problems in statistics involves comparisons of 
different populations or the same population subjected to differ­
ent treatments. In classical statistics, these problems are framed in 
the rubric of hypothesis testing and estimation of parameters. The 
conventional Bayesian approach is similar but differs in calculat­
ing either posterior odds of various parametric hypotheses or 
posterior distribution of parametric functions. The following is 
typical: Let two independent random samples x<N1) and y<Nz> be 
drawn from populations having possible different means JL and 71 

say. A standard practice is to make a comparison of JL and 71 or in 
particular a posterior probability region interval on JL - 71· 

5.1 Comparisons 

We shall focus on predictive comparisons of future sets X(M) 

and l(M)· For example, particular interest may be focused on a 
single future comparison, 

or when dealing with positive random variables 

or more generally on some probability comparison of h(X(M)) 
with h(l(M)) (Geisser, 1971). 
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Example 5.1. Consider that the x<Nt> are i.i.d. N(J.L, 1) and the 
y<N2> are i.i.d. N( TJ, 1) and let p(J..L, TJ) = p(J.L)p( TJ) = const. 

Hence 

and 

Then 

and, e.g., u = 0 yields Pr[XN1+ 1 :::; YN2 + 1] as a single comparative 
measure but the whole distribution of Z is the complete informa­
tive comparison. 

Further if we define 

M M 

MXM= .ExN1+i,MYM= .EYN2 +i 
i=l i=l 

then for e' = (1, ... , 1), 
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so that 

and 

Hence, after a similar calculation for YM, 

- - ( 1 1 2) X-¥. -N X -y- -+-+-. 
M M N! N2' N N M 

1 2 

Note now as M grows 

= = ( 1 1) X -Y, _,_,_N x -y- -+-
M M r- ., N! N2' N N 

1 2 

so that J.t - 71 can be justified as a limit of a particular interesting 
function of observables and could provide a normative evaluation 
or an approximation for large M for the comparison of future 
averages. 

Example 5.2. In the previous example let the Xs and Ys have 
unknown but common variance. Suppose we assume in addition 
that 

Then for arbitrary M, it is easy to show that the predictive 
distribution of 
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is Student's t with N1 + N 2 - 2 degrees of freedom, where 

N 1 N 2 

(N1 +N2-2)s2= L:(x;-xNf+ L(Y;-YN2t 
i 
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Now the comparison depends on the t distribution. Note M = 1 
and M ~ oo are the two most interesting cases, with the scaling 
factor for s 2 going from N1 1 + N; 1 + 2M- 1 to a minimum of 
NI-l +N;l. 

Example 5.3. More generally, if we have K groups then one 
should be interested in the ordering of the groups. Let X;j be 
independent and 

i= 1, ... ,K j=1, ... ,N;. 

Then we need to compute the predictive probabilities of all 
permutations, 

when i 1, ... , iK is a permutation of the first K positive integers. If 
K = 3, there are six comparative probabilities. 

If we let X; N+ 1 = Z;, then we may calculate a more informa­
tive analysis thlll~ the usual ANOV A. Here 

Pr[ Z 1 ::; Z 2 ::; Z 3 ] = P123 

Pr[ Z 1 ::; Z 3 ::; Z 2 ] = Pm 

Pr[Z2 ::; Z 1 ::; Z 3 ] = P213 

Pr[Z2 ::; Z 3 ::; Z 1 ] = P231 

Pr[ Z 3 ::; Z 1 ::; Z 2 ] = P312 

Pr[ Z 3 ::; Z 2 ::; Z 1 ] = P32t 

If these are all rather close, i.e., close to 1/6, then we may 
conclude that it is not worth making a distinction between them. 
However, if there are differences we would choose, all other 
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things being equal, 

as the best ordering. If we were interested in the best group, then 
we compare 

P123 + P213 =Probability that Z3 =Max( Z 1, Z2 , Z3 ) 

P132 + P312 = Probability that Z 2 = Max( Z 1 , Z2 , Z3 ) 

P231 + P321 =Probability that Z 1 = Max(Z1 , Z2 , Z3). 

If p(JL 1,JL2 ,JL3,u 2)a1ju 2 , then one can easily obtain the 
joint predictive density of Z' = (Z1, Z2 , Z3), 

where a= L;(N;- l)sl, N.X; = '£f"~ 1 x;j, and N = L;N;. Setting z' 
= (z1, z2 , z3) and i' = (i1, i 2 , i 3 ) then Z "'S3(N- 3, i, '[,)where 
'[, = {uij} and uij = a(N; + 1)/N; for i = j, and 0 otherwise. The 
various probabilities can be numerically calculated from the above 
student distribution. 

Numerical illustration of Example 5.3. Three different brands of 
gasoline with the same octane rating were tested on a 1000 mile 
run of a particular make of utility vehicle. Brand i was tested on 
N; vehicles. The data are given in average miles per gallon for 
each brand in Table 5.1. 

We assume normality of the observable miles per gallon vari­
able, equality of variances for all brands, and vague prior knowl­
edge about f.L and u 2• Letting Z; denote the miles per gallon 

Table 5.1 Sample Means and Variances for Brands 

Brand N; X; sz 
I a 

1 8 12.5395 0.2667 21.0852 
2 10 13.3277 0.9959 
3 13 14.4082 0.8546 
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variable for brand i, i = 1, 2, 3, we obtain the predictive probabili­
ties of the ordering of the brands in miles per gallon: P 123 = 0.2060, 
P213 = 0.1872, P132 = 0.1868, P231 = 0.1420, P312 = 0.1460, and P321 

= 0.1320. 
It is of some interest to point out that if we use the posterior 

distribution of JL = (JL 1, JLz, J,L 3) that is SiN- 3, .X, D where uii = 
~- 1a, for i = j and 0 otherwise for ordering the population brand 
means, we obtain P~23 = 0.3404, P~13 = 0.2304, P~32 = 0.2232, P~31 
= 0.1236, P;12 = 0.0356, P;21 = 0.0468. As expected, the brands 
are still in the same probability order. The latter set of probabili­
ties is much more spread out than the former. The latter concern 
is with the average for a very large fleet of vehicles. The former is 
for a single vehicle. Further let V =max; Z;, then 

Pr[V=Z3 ] =0.393, 

Pr[V = Z 1 ] = 0.274 

Pr[V=Z2 ] =0.333, 

while for y = max(p) we obtain 

Pr( y = JL 3 ) = 0.571, 

Pr( y = JL 1) = 0.170 

Pr( y = J.Lz) = 0.259, 

and 

and 

which illustrates the sharper results obtained for a mean as 
opposed to a single future observable. 

Example 5.4. If we are dealing with three exponential popula­
tions, say, then the computation can be easily made. Let i.i.d. 

xij' i = 1,2,3, 

Let Z; =X; N + 1' then to calculate the probability that, say, z3 is 
the largest~~ first set V = Max(Z1, Z 2). Then 

Pr[V s v\8] = (1- e-B~v)(1- e-Bzv) 

= 1- e-81u- e-8zv + e-u(81 +8z) 

f(v\0) = Ole-Blv + Oze-Bzv- (01 + Oz)e-v<Bl+Bzl 

Pr[ Z 3 ;;::: V\0] = {'[ 01e- 81u + 02e-8zu- (01 + 82)e-v<81+ 8zl] 
0 

xe- 83u dv 

0102 ( 01 + 02 + 203 ) 
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Hence 

where 

and 
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3 

p( 9) a n ei-1' 
i=l 

then the triple integral can be calculated numerically. If we 
substitute 1/i; = 0; we can get an initial estimate of 

Numerical illustration of Example 5.4. Suppose in addition to 
Clerk 1 and Clerk 3 of Table 4.1 we also have data on Clerk 5 
(Geisser and Eddy, 1979) (Table 5.2). Using the notation Z; for a 
future value for Clerk i, i = 1, 3, 5 we calculate by numerical 
integration the probability that a future value for Clerk 3 will be 

Table 5.2 Correct Ledger Entries between Errors for Clerk 5 

149,74, 170,2, 129,3,65,44,204,333,60, 11,60 
20,608, 19, 64,113,413, 75,22,403, 299, 396,6, 156. 
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the largest to be 0.5297, which is the same to two decimal places 
as the initial estimate 0.5325. 

Example 5.5. Another type of a two group comparison when 
the observables must be of the same sign may be formulated in 
terms of 

Pr[Z1 > tZ2 ] 

= f f p( 81' 8ziD) f Pr[ zl > tzzl 81' 8z] f( Zzl 81' 8z) dzz d81 d8z 

For the previously discussed exponential case 

Pr[ z1 > tZz] = f p( 81' 8ziD) f e-·tll 1z 28ze-lizZz dz2 d81 d82 

=jjp(81,82ID) 82 d81d8 2 • 
t81 + 8z 

This may also be evaluated numerically for any given t. However, 
it can be shown that 

using Jensen's inequality and the fact that N1i 181(N2 i 282)- 1 can 
be transformed to a beta variate. Hence 

since the quantity above on the right is between the bounds for all 
N1 and N 2 and is the value that both the lower and upper bounds 
approach. 

Numerical illustration of Example 5.5. We calculate the proba­
bility that a future value of Clerk 3 will exceed that of Clerk 5 by 
factors say t = 1 and t = 2, and that value t = i such that 
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By numerical integration we obtain probabilities 0.824 and 0.703 
for t = 1 and t = 2, respectively. Note that the approximations 
yield 0.828 and 0.706. Further numerical integration yields l = 4.8. 

5.2 Allocation 

Sometimes the problem is to allocate a new observation to a 
treatment to obtain some optimal result where randomly selected 
groups from a population are each assigned a single treatment. 
Here the result is required to be as close as possible to some given 
value say a or to be in a particular interval or region. The first 
criterion could indicate allocating treatment j to a future individ­
ual Z, such that treatment j is the solution to 

M_in j(z-a) 2 f(zli,x)dz 
I 

where f(zli, x) is the predictive density of a future observation 
given data x, that is to be allocated treatment i. Another often 
useful criterion is to choose that j that is the solution to 

MaxP(Z ERii, x) 
i 

where R is the region of interest. 

Example 5.1 continued. Suppose what is required here is to 
have the future value as close as possible in terms of squared 
error to zero. Hence we would allocate a new observation Z to 
that treatment X or Y that yielded the smaller of 

If we required the largest probability that Z E (-b, b) for b > 0 
then we would allocate Z to treatment X or Y for whichever of 
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the following 

<I> Nz <I> Nz ( b-y ) ( -b-y ) 
..j 1 + Ni 1 ..j 1 + Nz- 1 

was the larger. 
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Example 5.6. Suppose we were required to allocate the next 
observation Z to treatment 1 or treatment 2 so that the result will 
be as close as possible to the value a. Assume 

xll, ... ,x1NI are i.i.d. N(JL1,ul) 

Yw ... ,X2N2 are i.i.d. N(JL 2 ,ui) 

2 1 
OP(JL;,u?) ex~· 
i~l U 1 Uz 

i = 1,2 

and we would allocate that treatment i to Z that minimizes 

N;> 3. 

On the other hand if we required the largest probability such that 
Z E (a- b, a+ b) we would allocate that treatment i to Z for 
whichever i maximized 

( (a+b-x;)[Fi;) ((a-b-x;+x;)[Fi;) p.=s -s 
' s;,j1 + N; s;,j1 + N; 
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where S( ·) presents the student distribution function with N; - 1 
degrees of freedom. 

Numerical illustration of Example 5.6. An expensive machine 
part is to be purchased from one of two manufacturers, A and B. 
Both manufacturers charge the same amount for the part. The 
standard length for a part is 1000 mm and it will work efficiently 
between 998 and 1002 mm. A sample of size 10 with mean length 
997.38 mm and variance 1.462 mm2 is available from A and a 
sample of 15 with mean length 1001.50 mm and variance 
8.760 mm2 is available from B. 

If one wants the part to be as close as possible to 1000 mm then 

81 
E(Z1 -1000) 2 = 70 X 1.462 + (997.38 -1000)2 = 8.556 

324 
E( Z2 - 1000)2 = 180 X 8.760 + (1001.5- 1000)2 = 13.151 

then one would choose a part from A. If one wants to maximize 
the probability that the part's length will be in the interval 
998 mm to 1002 mm then 

so that B is favored. 

p 1 = 0.311 

p 2 = 0.418 

For more complex and wider ranging applications of treatment 
allocation see Aitchison (1970). 
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CHAPTER 6 

Perturbation analysis 

A Bayesian analysis may depend critically on the modeling as­
sumptions that include prior, likelihood, and loss function. While 
a loss function is presumably a choice made in the context of 
particular situations, there is no harm and potentially some gain in 
investigating the effect on an analysis using alternative loss func­
tions. The likelihood is supposed to represent, to some approxi­
mation, the physical process generating the data while the prior 
reflects subjective views about some of the assumed constructs of 
this process. Now a likelihood model that has been judged ade­
quate in previous situations similar to a current one is certainly a 
prime candidate for modeling. It may also have been selected as 
the most likely when compared with several others and even 
passed, to a greater or lesser degree, scrutiny by a model criticism 
technique. However, even in such situations the statistician is still 
obliged to investigate its present adequacy. A way of addressing 
this problem is to perturb the "standard" model to a greater or 
lesser degree in potentially conceivable directions to determine 
the effect of such alterations on the analysis. While for the strict 
Bayesian the prior is subjective, it is common knowledge how 
difficult it often is to subject an investigator or even a statistician 
to an elicitation procedure that convincingly yields an appropri­
ately subjective prior, even if the parameter is meaningful. As 
indicated previously, most often the parameter is merely an arti­
fice to promote modeling for prediction. Hence to perturb an 
investigator's prior or some standard one that appears appropriate 
is also sensible. 

6.1 Types of perturbation 

Even when a standard statistical model has proven adequate in 
data sets similar to a current one at hand, one is obliged to 

129 
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consider the effect of perturbing the standard model in one way or 
another on the analysis, especially if graphic or other procedures 
indicate the possibility that the standard model may only be 
marginally adequate. 

There are a large number of possible perturbation schemata. A 
typically useful one is where w E 0, an index governing a pertur­
bation schema, is a set of hyperparameters. For x<N) = 
(X1, •.• , XN), a set of observables, a rather simple example is for 
8 = (JL, u2), 

N [ 2]-(w+l)/2 
f(x<N)I8,w) a}] 1 + (x~~~) w:2::1 

where the standard is w ~ oo, i.e., the normal distribution and the 
most deviant w = 1, the Cauchy distribution. Another case is 

N k( w) 
f( X(N)/8, W) a n --e-(lj2)j(xj-JL)/ul2/(l+w) W :2::::0 

j=l (}" 

where w = 0 yields the standard normal density and w = 1 yields 
the double exponential density. 

Further perturbed models that may be used are the Weibull, 

N 

f( x<N) I 8' (I)) a n 8wxj-le-llxj (I) :2:::: 1 
j=l 

with the standard w0 = 1 being the exponential, and the gamma 

N 

f( x<N)/8, W) a n 8wxj-le-llxj 
j=l 

also with the standard w = 1 being the exponential. 
A second set is exemplified by a contaminated sampling density 

N 

f(x<N)I8,w) an [wft(xjia) + (1-w)f2(xji13)] 
J=l 

where say w = 1 is the standard and a and {3 are subsets of 8. 
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Use of w as an indicator is relevant to situations where w 
changes the model distribution to varyingly different but known 
distributional forms not necessarily in the same family, e.g., say 
the standard is log normal while the perturbation is gamma. 
Although this can often be regarded as a special case of either of 
the first two methods it is best to consider it separately. 

A fourth possibility is the use of w as an exclusion indicator, 
i.e., x<N) = (X1, ••• , XN) has some standard distributional form 
under w0 but for w * w0 one or more of the X;s have either 
another distributional form or a completely unspecifiable distribu­
tion. In the former case this could mean, for example, that an 
observation's variance differs from the others or more generally 
that a parameter set, not under scrutiny, differs for a few of the 
observations. The latter situation is typically reflected in problems 
with outliers and aberrant observations that defy satisfactory 
alternative modeling. Here the perturbation analysis involves what 
is often termed "an influential case analysis" (Cook and Weisberg, 
1982). 

A fifth possibility has to do with what one may term peripara­
metric models. Here w = w0 specifies a standard density while 
w * w0 specifies all model densities f(x<N)Iw) that are within a 
given neighborhood of f(x<N)Iw 0 ) determined by varying w. 

A sixth may have to do with possibly inaccurate measurement 
of the covariates under w * w 0 or even the actual responses 
themselves. All of the above have to do essentially with perturba­
tion of the likelihood. 

Similar remarks may be made regarding the prior p(Oiw) and 
combinations of both likelihood and prior. As a typical example 
the prior could be a mixture, e.g., 

with w = 1 resulting on the standard p 1(0) based on previous 
information while pz(O) expresses the possibility of another view 
of the situation. This often results in simpler calculations than 
having to deal with a likelihood mixture. In particular the use of 
periparametric perturbation models for additional uncertainty 
about a "standard" prior seems to be a promising approach 
especially when combined with a standard likelihood. Here one 
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can examine the extent to which bounds on the "standard" prior 
can be expanded and still yield robustness for moderate sample 
size. 

6.2 Formal analysis 

A formal Bayesian framework for a perturbation analysis for 
future observables can be delineated (Geisser, 1986, 1988, 1991). 

The prediction model considered is, as before, the joint proba­
bility function 

f( x<N>, x<M>• Oiw) = f( x<M>ix<N>, 0, w )!( x<N>io, w )p( 0 lw), 

wEO 

whence we obtain 

j f( x<N>, x(M)• Oiw) dO 
f(x<M>ix<N>,w) = -----------­

j jf(x<N>,x(M)•fJiw)dfJdx(M) 

Now assume that L(a, x(M)) is the loss incurred in taking action a 
for a future realization x<M>· The average predictive loss 

is then minimized for given w so that 

min Lw( a) = Lw( a!) 
a 

yielding optimal action a! when w is "true." We then consider 
the difference in the loss when taking action a!0 = a*, the optimal 
action under the standard and when w * w0 is true. We define the 
differential loss as 



6.3 0 T H E R P E R T U R BAT I 0 N D I A G N 0 S T I C S 133 

One then can examine this loss over a possible range of w to 
assess its importance with regard to the action taken under w0 

and in particular d* = maxwE!l d(w). We could also assess its 
local significance by examining d(w) in a neighborhood about w0 • 

In fact if w is a scalar and the second derivative of d(w) exists and 
is continuous the calculation of the curvature at w = w0 , i.e., 
d"(w 0 ), since d'(w0 ) = 0, could be rather informative regarding 
local perturbations. For example, a large curvature would indicate 
that the actions taken could be highly sensitive to a slight variation 
in the standard model and a serious review of the standard is in 
order. Little or no curvature would indicate a robustness with 
respect to a local perturbation in w. 

For a vector w, the matrix of second derivatives will govern the 
local curvature and one could assess the maximum curvature, i.e., 
in the direction of the normed vector associated with the largest 
root of the Hessian matrix of second derivatives evaluated at the 
standard w = w0 , say d"(w 0 ). 

If one decides that the standard is untenable and the perturbed 
model reasonable, one possibility is to define a prior distribution 
for w and then integrate it out to obtain 

6.3 Other perturbation diagnostics 

Often, we are not in a position to discuss decisions or actions that 
would necessarily flow from a data set and consequently report 
the predictive distribution itself or some high probability density 
region for X(M)• 

For reporting the entire predictive distribution a Kullback­
Leibler predictive divergence 

K( w, w0) = E[Iog fw -log fwo] 

where fw = f(x(M)ix<Nl, w) can serve as a reasonable diagnostic. 
Divergences of this sort were introduced by Johnson and Geisser 
(1982, 1983) for determining influential observations, one of the 
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particular types of perturbation previously mentioned. In this case 
the divergences were termed predictive influence functions (PIF). 

Predictive diagnostics are most useful in indicating the relative 
effect of various perturbations. 

There may be, however, some difficulty in adequately interpret­
ing globally 

max K( w, w0 ) 
wEll 

for some of these paradigms. 
Another use is to find the direction in which local perturbations 

have the greatest effect in terms of normal curvature. It can be 
shown that under suitable regularity conditions that the matrix of 
second derivatives of K(w, w0 ) for w a vector of p perturbations, 
say 

where l(w0) is the Fisher Information matrix of the predictive 
distribution evaluated at w = w0 (Kullback, 1959). The curvature 
in direction z, a normed p-dimensional vector where w(t) = w 0 + 
tz and z'z = 1, is 

so that the maximum curvature C* is in the direction z*, the 
vector associated with the maximum root of l(w0), where 

C* = z*'I( w 0 ) z*. 

An examination of the components of z* will indicate which, 
namely the larger ones, are those perturbations that relatively 
most alter the predictive distribution in terms of the divergence 
(cf. McCulloch, 1989). 

Once potentially significant directions are identified, an analy­
sis involving these directions is in order to ascertain whether local 
departures for them are important enough to vitiate the standard 
analysis. 

The L1 norm between two densities f and g, favored by 
Devroye (1987), or the L 2 norm between ..f1 and {i, favored by 
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Pitman (1979) as measures of distance between densities, can also 
be used here as diagnostics for the predictive distribution. More 
generally the Hellinger distance between densities raised to the 
nth power 

yields these as special cases. For the case here with n = 2 we have 
for predictive densities 

which accords with the norm favored by Pitman. Under suitable 
smoothness conditions, twice the matrix of second derivatives, 
evaluated at w = w 0 when w is a vector, is 

2" ( ) 2Hw=wo =I Wo 

again Fisher's Information matrix. Actually there is a whole class 
of such loss functions that are locally equivalent to l(w0) 

(cf. Geisser, 1991). In general, if 

where cf> is a convex function and cf>{l) = 0 and certain regularity 
conditions hold then it can be shown that 

based on the work of Burbea and Rao (1982). This is a cogent 
indicator of the usefulness of this quantity for local perturbation 
analysis. 

The L 1 norm may also be used. While it is unaffected by any 
one-to-one transformation as is the divergence and H 2, it is 
analytically awkward and does not discriminate between differ­
ences of the two densities when the smaller of the two is large or 
small, as does H 2 and the divergence. 
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For the prior mixture case the predictive density of XcM> is 

where 

and 

for i = 1, 2. Then we can calculate the information in f = 
f(x(M)ixCN>, w) with respect to w, 

(alogf) 2 Ur-!2)2 
I( w) = E --a;;;- = J ( wfr + (1- w )!2) dx(M)· 

Now assuming the existence of 

lim I(w) =l(w0 ) =/(1) 
w-+1 

and that passage of the limit through the integral sign is valid we 
obtain 

Example 6.1. Let Xi- N(p,, a 2 ) where a 2 is known. Let the 
prior density of p, be a mixture of N( Ti, 7] 2) variables, for i = 1, 2 
where Ti and 7] 2 are assumed known. 

Then the predictive distribution of X N + 1 given xCN) is the 
mixture of wf1 + (1- w)f2 where fi is the density of a 

random variable. 
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Hence we can easily calculate 

/(1) =eA -1 

where 

For u 2 unknown we are dealing with "student" t predictive 
densities for / 1 and / 2 , which complicate the calculation for /(1). 
Now t densities approach normal densities as the degrees of 
freedom grow and the best normal approximation to a "student" 
density in terms of minimizing the Kullback divergence is a 
normal density with the mean and variance of the "student" 
density. Hence substituting 

A2 (N 3)-1"( -)2 u = - 1..... X; -x 

for u 2 in ,.\ yields, for the u 2 unknown case with prior p( u) a u- 1, 

where A(u 2 ) = ..\(& 2). One then must decide how large a curva­
ture is tolerable to admit the use of w = 1 in the analysis. Note 
that as N increases the curvature goes to zero, which merely 
implies the asymptotic irrelevance of the prior. 

While the divergence and H 2 are as sensible as any measure of 
how densities differ overall it is difficult to establish a reasonable 
calibration so that different values of the divergence or H 2 are 
easily interpretable, except in a relative sense. Methods for a 
more suitably direct interpretation that a statistician, and more to 
the point an investigator, can readily understand can also be 
defined but they involve rather specific situations. We will present 
some of these ways of assessing the robustness in terms of predic­
tive regions for X(M)· One could restrict oneself to perturbations 
that could matter as determined locally but we shall retain the 
same notation as before for two reasons. The first is basically for 
convenience in that it is possible that the entire w set may matter 
and the second is that in certain instances one may not be 
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specifically interested in a local determination. The potential 
value of the local analysis is the possibility of restricting the 
dimension of the vector of perturbations to a small set that can 
more easily be managed by the assessments we now shall propose. 

6.4 Predictive region assessments 

The first method is to assess the robustness of a 1 - a highest 
probability density region based on the standard w0 • Suppose this 
region denoted by R1 _ .. (w0 ) has volume V(w 0 ) and when per­
turbed the highest probability density region R1 _ .. (w) has volume 
V(w). Let v(w) be the volume of the intersection of R1 _ .. (w) and 
R1 _ .. (w0 ) as a function of w, 

and let 

where M(w) = V(w), V(w0 ) or ma:x[V(w), V(w0 )], be the ratio of 
the volume of the intersection to the standard, the perturbed or 
the maximum of the two for the given w. Then calculate 

which now yields the proportion of the region for the "worst" 
possible case at a given probability 1 - a. Hence one has an easily 
interpretable value for assessing the robustness of the data set in 
terms of a standard analysis involving a 1 - a region in the 
presence of presumably anticipated perturbations. 

A second method focuses on the use of the standard region's 
R1 _ .. (w0 ) perturbed probability when w * w0 . Since 



6.4 P R ED I C T I V E R E G I 0 N AS S E S S M E NT S 139 

we can use 

maxll-a- (1-aw)l =max law -al 
wEO wEO 

or either of the pair 

law -al 
y 1(a) =max y 1(a,w) =max , 

wEO wEO l-aw 

law-ai 
y 2 ( a)= max y 2 ( a, w) =max , 

wEO 1- a 

as easily interpretable values. Of possible interest, if no particular 
value of a is preeminent, is either maxa y 1(a) or maxa y 2(a). In 
addition, sometimes y 1(1) or yz(l), and y 1(0) or yz(O) when they 
exist may be informative. For small changes in w, y~(a, w0 ) or 
y2(a, w0 ) for a particular a will be indicative of local behavior. 

In summary, the second method is most compelling when some 
specified region is critical to an analysis, e.g., the effect of the 
perturbation on the calculation of the probability of an observable 
exceeding some threshold. 

Example 6.2. As a very simple illustration of this, consider 
x<Nl = (X1, ••• , XN) a random sample from 

f(xl8,w) =8e-O(x-w) 

and noninformative prior 

Suppose x 1, ••• , x d are fully observed realizations and 
Xd + 1, ... , X N are independently censored at values x d + 1, ... , x N· 

We further suppose, as is almost always the case, that d ~ 1 and 

The predictive distribution function (Geisser, 1982) is then easily 
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calculated to be 

[ 
X w ] -d 

Pr[XN+ 1 ~xlx<N>,w] =1- 1+ N(x-w) 

=0 
w~x 

w>x. 

Here it is of interest to calculate the probability of a survival 
threshold, say y, 

(N) - y- W ( ) 
-d 

Pr [X N + 1 > y IX , w] - 1 + N ( x _ w) 

where the standard say is w = 0. Of course the divergence and the 
Hn distances are largely irrelevant for this case but we can easily 
calculate 

( ) 
-d -d 

Y -x(1) Y 
max iaw(y)-a(y)i= 1+ (- ) -(1+---::) 

o:::;w:::;x0 ) N x- x<1> Nx 

for a fixed y or conversely for those values of y such that the 
quantity on the right is no larger than a given value considered 
negligible with respect to stating a probability for surviving the 
threshold. 

Numerical illustration of Example 6.2. As an illustration con­
sider the following data reported in Gnedenko et al. (1969, p. 176) 
consisting of a sample of N = 100 items tested and time to failure 
recorded for each item until 500 standard time units have elapsed. 
The recorded failure times for 11 items were 31, 49, 90, 135, 161, 
249, 323, 353, 383, 436, 477. The remaining 89 items survived the 
test termination time. If interest is focused on the probability of a 
future item surviving 500 time units then 

( 
500- w ) -ll 

Pr(XN+l > 500lw] = 1 + 47,187 -lOOw 

= 0.891 for w = 0 
= 0.890 for w = x0 > = 31. 
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Hence 

max I a 31( 500) -a( 500) I= 0.001. 
0 :5w :5 31 

On the other hand one might be interested in that value y such 
that 

Pr[ XN+t > ylw] = 0.5. 

Here for w = 0, y = 3069 and for w = 31, y = 2898 yielding a 
maximum relative difference of 5.6%. In passing we also point out 
here that the maxima for the divergence and the two norms are 
K = oo, H 2 ,;, H 1 = 0.01 and are not particularly informative. The 
divergence indicates only a difference in support while the norms 
are approximately and exactly twice the probability assigned to the 
largest interval over which only one of the densities is supported. 

More generally, implementation of these methods in other 
cases could involve the algebraic or numerical calculation of the 
intersection of two n-dimensional hyperellipsoids, which could be 
quite burdensome for n > 3. For calculations of this sort, see 
Chen (1990). 

Even more complex situations arise where the highest probabil­
ity density regions are disconnected. Here one may also want to 
take into consideration the distance from the standard a per­
turbed and disconnected region is in ordering the diagnostics 
discussed above, i.e., not only the size of the nonintersecting 
disconnected region but its distance in some sense from the 
standard. 

6.5 Predictive influence functions 

Much technical and scientific work involves functional relationship 
of a kind where the sample of observables is stochastically related 
as 

j=1, ... ,N 

for xj = (x tj> ••• , xq) known values, {3' = ({31, ..• , {3P) are un­
known and ~s are i.i.d. with mean 0 and variance u 2• 
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It is often of interest in such situations to determine how an 
observation or a set of observations influences future predictions. 
This type of analysis has similarities to the use of an exclusion 
indicator of Section 3. There the observations were assumed to be 
identical copies and an observation that yielded appreciable dif­
ferences in the predictive distributions with and without the 
observation would in all likelihood be indicative of an aberrant 
observation. In the case where the observables are independent 
but not identically distributed as indicated in the functional rela­
tionship, appreciable differences in the predictive distributions 
need not indicate aberrancy but may be the result of the relation­
ship. Hence a pass through the data using a diagnostic to identify 
highly influential observations is worthwhile. For a thorough expo­
sition on the need for diagnostics to identify influential observa­
tions, see Cook and Weisberg (1982). 

For a new set of say M observations y<M> = (Z1, Z2 , ••• , ZM), 
we assume the same functional and error relationship 

j=l, ... ,M 

where xj = (x 1j, ... , xq)· 
Now we will make a comparison of 

with 

where y<N-n> represents a particular partition of the set of obser­
vations yCN> = (y<N-n>, y<n>) into two sets and () = ({3, u 2). 

Of course we may use any of the previously mentioned diagnos­
tics such as the Kullback divergence or the Hellinger distances if 
there is no particular predictive region of immediate interest. One 
property of the Hellinger distances is that they are symmetric in 
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the two densities to be compared. The Kullback divergences may 
be made symmetric by considering the sum of individual diver­
gences 

However, we do not believe that this symmetry is necessarily 
desirable. In fact it may make more sense to consider only the 
directed divergence 

as the Predictive Influence Function because we then determine 
the effect of adding the n observations to the N - n under the 
tacit assumption that the N - n fit the model. 

6.6 Applications to linear regression 

One of the most frequently used models is 

or in the vector-matrix version as in Section 11 of Chapter 3 

Y=X/3 + U 

with 

Further for predicting 

Z= W/3 + U 

we have shown that if p(f3, u 2 ) a ljcr 2 , 
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We shall first deal with an analysis for identifying influential 
observations by exclusion or, as it is often known, case deletion. If 
y = (yi, Y(i)) is partitioned into Yi the ith observation and Yu> 
representing the rest then 

where 

and X(i) is X with x;, the ith row, deleted and 

[This can easily be extended to the partition of y into a set of n 
deleted and N- n retained (Johnson and Geisser, 1983).] 

Hence one needs now to calculate 

K{f(i),J) = E[log fu> -log f) = K(W) 

where f represents the predictive density of Z IY and f(i) the 
predictive density of Zly(i). Although K( ·, ·)cannot be evaluated 
explicitly there is an optimal normal density approximation to the 
student density and it can be used to calculate an appropriate 
approximation since the divergence between two multivariate nor­
mal densities yields an explicit expression. This should be an 
adequate approximation because a multivariate student density 
approaches a multivariate normal density asymptotically and the 
divergence between a "student" density and its normal approxi­
mation is minimized for that normal density having the same 
mean and covariance matrix as the "student" density. 

Suppose we wish to predict a single observation at w' a row of 
W. Hence letting 

V·=X· X X X· '( 1 ) -1 
I I I 
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then 

(N- p- 2)tlcf 

(1+h)(1-v;) 

(N-p-2)(1-t?)cf [ cf l 
+ -log 1+...,--------

(N-p-3)(1+h)(1-v;) (1-v;)(1+h) 

N-p-2 N-p-2 
+ N _ P _ 3 {1- t?) -log N _ P _ 3 (1- t?)- 1. 

Although this is appropriate if we decide to predict at W = w', in 
many cases it may not be known where prediction will occur. 
Hence the use of this as a routine diagnostic is limited. However, 
in order to circumvent this limitation we can subject W to a 
probability distribution over a region or more simply set W =X, 
i.e., to simultaneously predict back on the original design matrix 
X (Johnson and Geisser, 1982, 1983). 

Example 6.3. In the case W =X, the approximation yields the 
Predictive Influence Function (PIF) for Y;, 

2/(= (N-p-2)v;tl(N-p-4) 
' 2( 1 - v;) ( N - p - 3) 

+ ( v;( N- p - 2) _ log[1 + V; ] ) 

2(1-v;)(N-p-3) 2(1-v;) 

[
N-p-2 N-p-2 ] 

+N (1-t?)-log (1-tl)-1. 
N-p-3 N-p-3 

We note that the largest K; yields the most influential observa­
tion. From the PIF we can see that the combination of factors that 
renders an observation influential is essentially its distance from 
the "center" of the rest of the observations in terms of where it 
was observed, its inflation of the volume of the predicting ellip­
soid, and its lack of fit with respect to the model. 
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Numerical illustration of Example 6.3. As an illustration of the 
above we compute 2K; for the set of data, Figure 6.1 of 21 
observations from a study of cyanotic heart disease in children 
taken from Mickey et al. (1967). The pertinent data, in com­
pressed form, are presented in Table 6.1, where U 2 and P are as 
given in Example 4.9. This analysis indicates that case 19 has the 
largest influence on prediction. Previous case analyses for estima­
tion of the regression coefficient (Andrews and Pregibon, 1978; 
Dempster and Gasko-Green, 1981) indicated the influence of case 
18 and the lack of importance of case 19. However, with regard to 
prediction, case 19 stands out. While it is true that case 19 has a 
negligible effect on the regression line itself, the component of K; 

SCORE 

• 19 
120 

en 

110 

9. 
• 17 

el5 es 
100 16,21 ee 

e12 e1 

7e 
.10 

e4 
90 

e2o 

e14 
3,13. 

~0 

70 
e2 

60 
e1e 

10 20 30 40 50 
age at first word (months) 

Figure 6.1 Scatter plot of Gesell data with fitted regression line 
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Table 6.1 

Case i 2i uz p 

19 2.29 13.03 0.002 
18 0.91 0.75 0.409 
13 0.10 2.22 0.148 

reflecting dispersion of the predictive distribution has a large 
effect. 

Further, the calculation for discordancy for case 19, as given in 
Example 4.9, is 

Pr[U 2 > 13.03IU2 > 2.22, u(c)] = 0.013, 

which is small enough to cause concern over case 19 as an outlier. 
A plot of case number vs. P-value is presented in Figure 6.2. 

In the previous analysis, no alternative assumption is made 
about the excluded observation. We now present a simple exam­
ple where one observation is potentially modeled differently than 
the others. 
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Figure 6.2 Plot of P-value us. case number 
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Example 6.4. Let xl, ... ' XN be independently distributed as 
N(,._,, o- 2 lw0 ) under the standard. A possible perturbation is that a 
single "discordant" value exists (but which one is unknown). 
Hence, under w, X; is N(,..,,o- 2/wlw). 

We assume 

2 1 
P(/L, a- ) a 2 

0" 

and calculation of the predictive density under the standard 
assumption for X N + 1 yields 

(N-l+w)(xN+l-u) [ 2 _ 2 l-N/2 

where 

u = ( N - 1 + w) - 1 ( ( N - 1) xu> + wx;) 

N 

(N-2)sl)= L (x;-i(i))2 

j*l 

and 

(N -1)i(i) = LXj. 
j*i 

The exact calculation of K;(w) can be well approximated by 
using the optimal normal approximation to the student density. 
Hence 

A (x-u) 2S s s 
2K.(w),;, +--log--1 

l V2 v v 
where 

N+w[(N-1)w(x(i)-x;)2 (N-2)s<~>l 
V=-- 2 + · 

N-3 (N-1+w) N-1+w 
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Table 6.2 Weight of Eggs in Grams 

51.52 49.73 60.60 50.12 58.51 59.25 55.87 58.74 53.00 54.00 57.88 59.83 
53.37 65.07 50.11 30.24 56.06 56.11 56.88 56.83 51.55 55.04 50.43 48.22 
52.61 55.14 54.84 56.07 62.20 60.58 55.66 54.90 60.04 56.23 52.18 55.06 
52.74 59.59 53.45 54.57 56.28 46.06 59.20 55.61 53.04 56.65 57.89 52.54 
58.28 49.06 

Numerical illustration of Example 6.4. A random sample of 50 
eggs, one from each of 50 different chickens, was obtained. The 
weight of each egg is given in grams (Table 6.2). 

It is assumed that at most one of the eggs was generated from a 
population with a variance different from the rest. The value of 
2/((w) for the next egg obtained, assuming it to have been laid by 
a chicken with standard variance, is calculated for three sample 
egg weights-30.24, 46.06, and 55.14. The first appears to be 
furthest from the sample mean, the next one the second furthest, 
and the last close to the sample mean. It is clear from Figure 6.3 
that the effect of egg weight 30.24 on the predictive distribution is 
substantially greater than any other observation as w varies and 
obviously has high curvature in the neighborhood of w = 1. For 
egg weight 46.06, 2K(w) changes very slowly while for egg weight 
55.14 there is virtually no change in 2K(w) so that any other 
observation will minimally effect the predictive distribution for a 
small change in its variance from the standard. 

A hyperparameter perturbation where the variances of all the 
observations are locally perturbed from the standard variance is 
also a possible model perturbation. An analysis of this kind is now 
presented. For the previous regression model it is assumed that 

where 

0 

R= 
0 
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2K(w~)------------------------------------------------, 

C\1 
c:i 

Weight = 30.24 
Weight= 46.06 
Weight= 55.14 

·················································· 

0 ::·.:;·~·~·~·----- -----·-·~·~·~·.:;·~·::·::-----------------------------c:i 

0 2 3 4 5 

Figure 6.3 Plot of 2K(w) us. w for three egg weights 
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By transforming Xw =R112X and Yw =R112Y then 

Yw=Xwf3 + U. 

For a future YN+ 1 = w'(3 + uN+ 1 where uN+ 1 ~ N(O, u 2) we 
obtain its predictive distribution to be 

where 

S [ N - p, w' (3 w, s ~ ( 1 + h w) ( N - p)] 

hw = w'(X'RX) - 1w 

fiw = ( X'RX) - 1 X'Ry 

s~ = y'[ R -RX(X'RX) - 1 X'R] yj(N-p). 

Then it can be shown (Lavine, 1987) that the curvature in 
direction z where z' z = 1 is 

where 

(N-p) , 
B1= (N-p+3)f(1+h)2(mom)(mom) 

-1 
B2 = ( 1 +h) s2 (mom)( r o r) 

1 
B3 = 2(N-P- 3)(N- p)s4 (r o r)(r or)' 

N-p+1 , 
B4 = ( N _ p + 3)( 1 + h )s2 (rom)( rom) 

for s~ and hw being s2 and h when R =I and o denotes 
elementwise multiplication for the vectors 

and 

The four p X p matrices are all of rank 1 so that their sum is of 
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most rank 4. The maximum curvature then is in the direction z* 
the vector associated with the maximum root of B = B1 + B2 + 
B3 + B4 • The coordinates of 

represent a worst case scenario that depends of course on the 
given w. These can now be plotted against a covariate, i.e., a 
column of X. Large values of z'( could indicate a local sensitivity 
to heteroscedasticity as a function of that covariate when predict­
ing YN+l at the given w. These plots could vary substantially 
depending on the column and the given w. For general W or 
simultaneous prediction of several future observables, the formu­
las are more complex with only a slight simplification for the back 
prediction case when W =X. The latter is of interest when an 
overall assessment of the effect on prediction is required in the 
presence of slightly perturbed variances. 
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CHAPTER 7 

Process control and 
optimization 

Suppose we have performed a series of trials wherein a trial 
consists of knowing or assigning a set of values x; in an assumed 
functional relationship 

i= l, ... ,N 

which depends on unknown f3 and error term U; having mean 0 
and variance u 2• 

Our objective will be to obtain a future outcome 

to be as close as possible, in some to be defined sense, to a value 
y 0 given that we can control the set of values x N + 1• 

7.1 Control methods 

The methods imply that we calculate the predictive probability 
function 

and then choose a particular loss function that will suit our 
control purposes for determining the assigned value .X N + 1. For 
example, we may choose that optimal xN+l such that it satisfies 

154 
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or 

max Pr[ Z ER(y0 ) lxN+d 
XN+l 

where R(y 0 ) is a region of interest located about y 0 • In the latter 
case, as the region collapses about the point y 0 , we maximize the 
predictive density. at z =Yo with respect to x N + 1• Optimization 
may require other atrributes of the response then being as close as 
possible to some known value. For example, we may want a 
maximum or minimum response for a function of z subject to 
constraints on a function of x N + 1• When the ~s are independent 
copies, the optimal control problem for a sequence of Z 1, .•. , ZM 
could be handled by backward induction (Bellman, 1957), when M 
is known. The calculations however can be quite arduous. When 
M is unknown one could just sequentially update the predictive 
probability function so that 

f( Z ·IY(N) x<N> zU -1) xAU -1) x ·) 
J ' ' ••• ' ' ' N+; 

is operated on for control of z. where x<N> zU- 1> xU- 1> repre-' ' ' sent the sets (x 1, •.. , xN), (z 1, •.• , zj_ 1), and (xN+ 1, ••• , xN+j- 1), 

respectively. Even for M known, this generally should not give 
very different control values than backward induction. Further, 
the additional loss incurred may be quite negligible for most loss 
functions. When U1, ••• , UN, UN+ P •.• , UN+M are dependent there 
is much greater complexity in making the appropriate calculations. 

7.2 Poisson regulation 

A simple case involving particle emission is given by Dunsmore 
(1969). A substance containing a known amount x of radioactive 
material emits Y radioactive particles per unit time according to 
the Poisson law for Y with mean xO, i.e., 

y = 0,1, .... 
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Suppose we have N such independent emissions Y1, .•• , YN 
with associated known amounts x1, •.• , xN. We wish to regulate a 
future outcome Z to be close to Yo by choice of x N + 1• Assume 
p(8) a: e-1, then for the predictive probability function of Z we 
obtain 

Pr [ Z = z lx y<N) x<N>] 
N+l• ' 

t+z-1 XN+l U ( )z( )t =( t-1 ) u+xN+ 1 u+xN+ 1 
t~1 

where t = L.~ 1 Y;, u = L.~ 1 x;. Hence Z has the negative binomial 
distribution. 

For quadratic loss we need to minimize 

E[ ( Z- y 0 ) 2 lxN+ 1] = V( Z) + ( E( Z)- y0 ] 2 

= xN+1t(u +xN+1) + ( txN+1 - Yo)2 
u2 u 

with respect to x N + 1. Minimizing the above yields 

u[ Yo- (1/2)] 
XN+1 = -----­

(t + 1) 

Maximization of 

if Yo> 1/2 

if Yo~ 1/2. 

Pr [ Z = y lx y<N> x<N>] 
0 N+1• ' 

with respect to x N + 1 yields 

Thus 

.xN+1 =xN+1 = o 
XN+1 <iN+1 

" YoU 
XN+1 = -. 

t 

[ 1- (1j2y0) l 
~ tX 
XN+1 = N+1 t + 1 

for Yo= 0 

for 0 <y0 ~ 1/2 

for Yo> lj2. 
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Hence for y 0 > 0, .iN+ 1 <.X N + 1 and they can be quite different for 
small y 0 • For example if Yo= 1 then .iN+t < (1/2) .XN+t· As Yo 
increases they tend to approach one another. 

To maximize 

with respect to xN+t' we set its derivative to 0. This will yield a 
polynomial in x N + 1 which can be solved numerically for the 
appropriate root which maximizes this probability. 

Sometimes we require a two-step solution where we are con­
trolling for future values Z 1 and Z 2 by regulating xN+ 1 and 
xN+ 2. In this case one solution requires setting z1 = y 01 and 
z = y 02 in the joint probability function. 

P (z - z - I (N) (N)) -t r 1 - Yot, 2 - Yo2 x N + 2, x N + 1, Y , x - (7.1) 

and then maximizing (7.1) w.r.t. to xN+I and xN+ 2. Now setting 

iJlogf Yo2 t+y01+Yo2 
=---------=0 

OXN+2 XN+2 U +XN+l +xN+2 

and 

iJlogf Yo1 t+y01+Yo2 
-- = --- ------ = 0 
OXN+I XN+l 

and solving the above simultaneously yields 

A Yo2U 
XN+2= -­

t 
A YOIU 
XN+l = --. 

t 

If we consider M-steps ahead, it is clear that maximizing the 
probability Z; =Yo;' i = 1, ... , M results in 

i= 1, ... ,M. 

This solution differs from a sequential updating procedure where 
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it is easy to show that at the N + i step the solution is 

A Yo;( u + xN+1 + · · · +xN+i-1) 
XN+i = -----------­

( + YN+1 + ... +yN+i-1 

by separately maximizing each conditional predictive probability 
function 

In terms of loss functions the first solution maximizes the chance 
that all Z 1, ... , ZM will be on target, and consequently the entire 
loss is endured even if one Z; is not on target. The second 
solution treats the losses individually in that a loss is sustained 
only for those not on target. Other situations, where a loss is 
suffered only if k or more out of the M are not on target, can also 
be considered. Of course the solution one would use would 
depend on the criterion specified. 

In regard to minimization of a squared loss of the type 

M 

L E[ (Z;- Yo;) 2 1xN+1• .. ·, xN+M], 
i~ 1 

an explicit solution for the M-step solution is not available. 
However, the sequential updating procedure here is simply 

(u +xN+ 1 + · · · +xN+i-!)[Yo;- (1/2)] 
XN+i=---------------~ 

t + YN+! + ... +yN+i-1 + 1 

7.3 Control in linear regression 

i = 1,2, ... 

The next paradigm involves linear regression. Using the setup of 
Section 11 of Chapter 3, the predictive density of a single future 
observation that is modeled as 
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for UN+ 1 - N(O, u 2), is 

f(zly) ~ {r[(N + 1 -p)/2] 
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(z-x:V+ 1/3) 
[ 

A 2 l-(N+1-p)j2} 

+ { 7T1/2r[(N _ P)/2](N _ p)1;2 

X [ s2(1 +x:V+ 1(X'X) - 1xN+ 1)r12} 

where ~ = (X'X)- 1X'y. For the squared error loss function 

E( Z- y 0 ) 2 = V( Z) + (Yo- x:V+ 1 ~)2 

N-p 
= (1 +x:V+ 1(X'X)-1xN+ 1)s2 

N-p-2 

A)2 
+(Yo -x:V+1f3 · 

Setting the derivatives with respect to the components of x N + 1 to 
zero yields as solution 

A( N-p 2 -1 AA )- 1 

iN+1=Yof3 s(X'X) +f3f3' 
N-p-2 

This result was obtained by Zellner and Chetty (1965). 
Let X= (e, X 2 ) have ones in the first column and x:V+ 1 = 

(1, w'). In this case 

E(Z-y0 ) 2 = N-p [1+(1,w')(X'X)- 1( 1 )]s 2 
N-p-2 w 

( 
A A )2 + Yo- /31- w'f3(1) 

= N-p [1+~+(w-i)'A- 1 (w-x)]s2 
N-p-2 N 

( 
A A )2 + Yo- /31- w'f3(1) 

where Ni' = e'X2 , A =X~[!- (ee'jN)]X2 , and~= (~ 1 , ~< 1>). 
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Setting the derivative of E(Z- y0 ) 2 with respect to w to zero 
yields the minimum 

~ [( A ) A N- p 2 -1-] 
w = Yo- {31 {3(1) + N- p- 2 s 'A x 

( ) 
-1 

N-p 2 1 A A 

X s 'A- + {3(1){3C1) 
N-p-2 

Setting p = 2 yields the solution given by Aitchison and 
Dunsmore (1975). 

The solution, for the loss function that maximizes f( Yo iy<N>), 
would require a numerical search. Such a search could begin in 
the region about either x N + 1 or w depending on the model. More 
generally 

can be maximized with respect to xN+ 1 or w numerically. 
For complications involving cost in selecting controlling covari­

ates and selecting those that optimally regulate the predicted 
value with respect to minimizing cost (see Lindley, 1968). In 
particular, a solution has been given for maximizing Pr(Z > 
zlxN+ 1, y(N>, X) subject to C'xN+ 1:::::; k for C' = (C1, ... , CP), C; ~ 
0, k > 0 and all the components of x N + 1 are nonnegative (Cain 
and Owen, 1990). 

7.4 Partial control 

Situations arise where some of the values of w cannot be con­
trolled but are given. Let 

w' = (t',u') 

where t'=(t1, ... ,tr) is given and u'=(ur+ 1, ... ,uP_ 1) control­
lable. Let 
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where X 3 represents the first r columns of X 2 and X 4 the last 
p-r-1 columns, respectively, and 

Hence 

s2(N-p) [ 1 
E( Z- y0 ) 2 = 1 + - + ( t- _x(ll)' A 11(t- _xOl) 

(N -p- 2) N 

+ 2( u- x<2>)' A 21 ( t- _x(ll) 

+ ( u- _x(2l)' A 22 ( u- _x(2l)] 

+(yo-~1-t'yl-u'fzf 
where 

and 

Then minimization of E(Z- y0 ) 2 yields 

See Zellner (1971) for other variations. 

7.5 Autoregressive regulation 

In many situations the generator of the observations may be a 
single unit, perhaps a machine or individual. For example, severe 
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diabetics need to control their glucose level by carefully controlled 
infusions of insulin. This must be done at least every day and in 
some cases several times a day. The amount of insulin required to 
regulate the glucose level depends on an individual's current level 
and possibly other variables that are uncontrolled but known such 
as diet, weight, and other concomitants. It may be possible to 
approximately model situations such as this as 

t=l, ... ,N 

where y1 is the glucose level at time t, v1 is the amount of insulin 
infused at time t, and x 1 is the set of other uncontrolled but 
known values. Of course Y; + 1 should also depend on the total 
amount of insulin at time t, i.e., that amount already that is in the 
body plus vi' but we are assuming that the amount in the body is 
not easily measurable and that Y; itself reflects to a great degree 
the amount of insulin already there. The problem here is to obtain 
a realized value of Y;+ 1 that is as close as possible to y 0 , knowing 
Y; = y1 and the outcome x1 by assigning a value to v1• Clearly this 
paradigm could also fit other chronic conditions requiring periodic 
treatment for their regulation such as blood pressure, cholesterol 
level, and arthritis. This type of modeling may also be appropriate 
for some economic and engineering data series. 

For the squared error loss function it can be shown that the 
solution for vi' having observed (y 1, ••• , y1) = yU> and assigning a 
joint prior distribution to a, y, {3, and u 2 is 

when the expectation is over the posterior distribution of the 
parameters. The second loss function requires maximization of 
the predictive density of Y; + 1 evaluated at Y; + 1 = y0 with respect 
to v ~> namely 

maxf (y JyU> xCt>) = maxE[f (Y JxU> a {3 "' u 2)] 
yt+l 0 ' yt+l 0 ' ' ' I' vt vt 

with the expectation over the posterior distribution of the parame­
ters. The predictive density of Y;+ 1, even under the simplest of 
prior densities on the parameters, is rather complicated. Hence it 
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may be easier to obtain the result by interchanging derivatives and 
integral signs as indicated by the quantity on the right-hand side 
above. 

Other loss functions that could be of importance here are 
asymmetric ones, e.g., linear with different slopes on either side of 
y0 or quadratic on one side and linear on the other side. In 
particular, one that is essentially exponential on one side and 
linear on the other could be of particular value. For example, 
certain diabetics monitored daily and susceptible to large variation 
in glucose level may need much more "protection" against having 
too much insulin than having too little to protect against insulin 
shock. Here we would need to minimize 

with respect to v1 in the predictive density of ~+I· This has been 
termed the LINEX loss function by Varian (1975) and a solution 
provided by Zellner (1986) in a standard multiple regression 
situation with known variance. The solution for the case derived 
here would require calculating numerically that vj that satisfies 

where the expectation is over the joint posterior distribution of a, 
{3, and y, for known u 2• When u 2 is unknown the solution may or 
may not exist depending on the posterior distribution of u 2. 

Because prolonged periods of too little insulin could lead to 
acidosis, the lin ex method may use ~ + 1 - Yo instead of Yo - ~ + 1 

to accommodate this possibility. In fact, depending on the history 
of the patient's problems, the linex or some other asymmetric loss 
function could be varied in either direction during the course of 
treatment until some stability is achieved. Once stability is reached 
one of the other loss functions might be used. For the control of a 
cholesterol level exponential loss for values above some interval, 
constant in the interval, and linear below, may be appropriate. 
Depending also on what agent is being used to regulate the 
response, more than likely, constraints on the allowed amount of 
the agent to prevent other deleterious effects would also be in 
order. 
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The solutions for the various loss functions will depend on the 
prior densities assigned to the set of parameters a, {3, y, and u 2• 

However, since there will be, in a rather short time, considerable 
data, the effect of using a "noninformative" prior say, 

for {3 E RP, y 0 ::::;; y::::;; y 1, u 2 > 0, and 0 <a< 1, may be of negligi­
ble consequence to the regulation procedure. This will certainly 
be the case where previous data on the patient were at hand that 
are then combined with the prior density given above. Note also 
we have only considered the sequential updating procedure, which 
is difficult enough for which to obtain solutions. If we knew the 
number of future values for t, for which this process would be 
validly used, one could attempt an optimal backward induction 
solution. However, since (1) the horizon is generally unknown, (2) 
the model itself may need alteration as the process continues, (3) 
the complexity of a solution to a very large (possibly daily for the 
lifetime of a diabetic, excluding model changes) horizon, and (4) 
the difference between the sequential updating and the backward 
induction is in all likelihood negligible, then sequential updating 
should suffice. However differing loss functions could result in 
quite different control values. 

7.6 Illustration of autoregressive regulation 

Monthly data on income and advertising expenditures of a corpo­
ration were collected for 36 months. For the first 30 months 
advertising was conducted using medium A and for the last 6 
months by medium B. The data are given in Table 7.1. For the 
next month (t = 37) the advertising budget was cut back to $3600 
=x37 to be spent on either A or B. In order to decide which 
medium to use to maximize income, the advertising department 
used the following model 

where U1 were independently distributed as N(O, u 2), a E (0, 1), 
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Table 701 Advertising Expenditures X and Sales Income Yin Hundreds of Dollars 

x, Yt+! x, Yt+! x, 

1 52 4435 13 35 2969 25 41 
2 54 4295 14 35 3320 26 42 
3 57 4364 15 36 3211 27 46 
4 55 4028 16 38 2660 28 58 
5 51 3734 17 37 2824 29 61 
6 52 4140 18 31 2396 30 64 
7 49 3863 19 39 2203 31 59 
8 47 3677 20 34 2392 32 55 
9 44 3651 21 31 2770 33 54 

10 41 4078 22 30 2643 34 58 
11 38 4116 23 35 1862 35 56 
12 41 3189 24 38 1938 36 53 

( '}', f3o, {3!) E R3 

v, = {- ~ for medium A 
for medium B 0 

It was assumed that all the parameters were a priori indepen-
dently distributed such that 

for u 2 > 0, a E (0, 1), and r = ( y, {3 0 , {31) E R 3, and initial value 
y 1 = 465,0000 Hence the predictive density of Y38 is given by 

f(Y3siY<37>, x<36\ X37 ) 

= j f( Y3sla, T, u 2 , Y37• X37 )P( a, T, u 2 iy<37>, x<36l) da dr du 2 

1 M 
0 " f( I z (36) ) = M '-' Y3s a;, T;, U'; 'Y37• x , X37 

i~ 1 

where a;, T;, and u/ are random draws from the posterior density 

Yt+! 

2520 
2809 
3190 
3528 
3729 
3393 
3233 
3492 
3244 
3218 
3541 
3821 
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Figure 7.1 Predictive densities of Y38 at x 37 = 3600 for A and B 
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and y<37l = (y 1, ••• , y37 ), x<36) = (x 1, ••• , x36). The draws from the 
posterior density are obtained via the Gibbs sampler (Gelfand and 
Smith, 1990; Casella and George, 1992), and then used in the 
known sampling density of Y38 that is N(ay 37 + yv37 + {3 0 + 
{3 1 x 37 , u 2 ) for a large set of values of y 38 • A plot of the predictive 
density of Y38 in Figure 7.1 is then obtained for both A and B for 
x 37 = 3600 over the range of values that contain almost all of the 
density. The predictive means and standard deviations of Y38 

under A and B are also calculated in a similar manner. Hence we 
obtain 

E(Y38 IA),;, 355,300 

E(Y38 IB),;, 349,300 

u ( Y38 IA) ,;, 3690 

u(Y38 IA),;, 4290. 

This favors A slightly in terms of the predictive means. Also from 
the graph in Figure 7.1, it is clear that most of the density of A is 
to the right of B. Calculation discloses that up to about y 38 ,;, 

393,000 the predictive distribution of Y38 under B is larger than 
under A. For y 38 beyond 393,000 the situation is reversed. How­
ever, the maximum difference in probability calculated numeri­
cally in the former case is about .08 while in the latter it is about 
0.01. In summary, 

0 s Pr[Y38 ;;:::y38IA]- Pr[Y38 ;;:::y38 IB] s 0.08 

0 s Pr[ Y38 ;;::: y 38 IB] - Pr[ Y38 ;;::: y 38 IA] s 0.01 

for y 38 s 393,000 

for y 38 > 393,000. 

Hence, if the choice is based on the greater probability that 
Y38 ;;:::y38 , A would be chosen if y 38 s 393,000 and B otherwise, 
but since the maximum that each of these probabilities attains is 
negligible, there is little to choose between the media, if the 
current level of sales is to be maintained. 
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CHAPTER 8 

Screening tests for detecting 
a characteristic 

Often it is necessary to decide whether a characteristic exists in a 
subject or item based on some screening test. We shall consider 
that the test is binary in that it indicates T (or positive) for the 
presence of the characteristic, T (or negative) for its absence. The 
merit of the test will depend on its accuracy in determining 
whether or not the characteristic exists in items or individuals to 
whom the test is administered that either possess the characteris­
tic or do not. 

The probability that an individual who has tested positive has 
the characteristic is termed the predictive value positive of the 
test. This will depend on the prevalence of the characteristic in 
the specified population from which an item is drawn at random. 
It is similar for the predictive value negative. In the medical area, 
screening or diagnostic tests are often used to attempt to confirm 
or indicate the preclinical or presymptomatic presence or near 
future onset of a disease (e.g., Gastwirth, 1987). Uses also abound 
in technology and a variety of other areas. We confine ourselves to 
a simple binary diagnostic test and develop the necessary tools for 
the full analysis of this situation. Then we shall consider two 
binary diagnostic tests given simultaneously or in sequence. Here 
the framework for the estimation of the attributes of the tests and 
their optimal administration for screening programs is considered. 
Costs of the tests and the losses associated with the various kinds 
of correct and incorrect decisions are also taken into account. In 
all that follows we assume that a screening test is always capable 
of assigning every individual of a particular population as a 
positive or negative for the characteristic, even though this may 
not always be the case with all tests in actual use. 

169 
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8.1 Binary screening test 

We first define the following probabilities: 

Pr( C) = 7T, the probability that a randomly drawn individual 
from the population exhibits characteristic C is called the 
prevalence; 

Pr(TIC) = TJ, the probability that the test correctly asserts the 
presence of C, is called the sensitivity; 

Pr(TIC) = 8, the probability that the test correctly asserts the 
absence of C is called the specificity; 

Pr(CIT) = 7TTJ/{7TTJ + (1- 1rXl- 8)} = 1{1, the probability that 
the characteristic is present given the test indicates its pres­
ence is called the predictive value positive (PVP); 

Pr(CIT) = (l-7T)0/{7T(l- TJ) + (1-7T)O} = ~. the probability 
that the characteristic is absent given the test indicates its 
absence is called the predictive value negative (PVN). 

Given the first three values 7T, TJ, and 8 the last two are obtained 
as a simple application of Bayes theorem. 

8.2 Predictive values positive and negative when the parameters 
are unknown 

Precise knowledge of 7T, TJ, and (J is often unavailable, or only 
partially so, in terms of samples from various subpopulations 
within the relevant population. Normally (J and TJ will be un­
known and their estimation would require independent random 
samples from two reference populations; the test is applied to n 
individuals or units known to have the characteristic, and also to n 
individuals known to be free of the characteristic. Assuming that r 
out of n yield T in the first sample and r out of n yield T in the 
second, we obtain the likelihood 

If 7T is unknown, and an independent sample of size v from the 
entire population is available, we have the additional likelihood 
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contribution 

(8.1) 

where tc represents the number of individuals having C. If this is 
unavailable, another independent sample of size s from the popu­
lation could be obtained. In this sample we ascertain the number t 
that test T. Since 

Pr(T) = 7T1J + (1-7T)(1- 8), 

we obtain the joint likelihood 

L( 1J, 8, 1r) a 11' ( 1 - 1J) n-r 8' { 1 - 8) n-r { 7TTJ + ( 1 - 1r )( 1 - 8) r 
X{7r{1-TJ) + (1-7T)8}'- 1 • 

Given a prior density, p(1J,8,7T), and with d=(r,n,r,n,tc,v), 
the joint posterior density is obtained in the first case as 

With d = (r, n, r, n, t, s ), we obtain for the second case 

p( 1J, 8, 1rid) ap( 1J, 8, 7T) L( 8, 1J, 7T). 

In both cases, the main quantities of interest are the predictive 
probabilities 

Pr(CIT,d) =E(rf!IT,d) =E(7T1Jid) 

X {E( 7T1J )d)+ E((1-7r)(1- B)ld)r 1, (8.2) 

and its similar counterpart 

Pr(CIT,d) =E(~IT,d) 

=E(8(1-7T)Id) 

x{E{8(1-7T)Id) +E{7r(1-TJ)Id)r 1, (8.3) 

both obtained by simple application of Bayes Theorem. 
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Clearly, the predictive probability is the same for all exchange­
able subjects. Hence, when a positive result is obtained, a decision 
regarding various alternative actions depends on the particular 
subject's costs or losses. Assume that there are a actions and that 
for action i, the losses for a particular individual are l;c and l;c;, 
the loss associated with taking action i when C is true and of 
taking action i when C is true, respectively; i = 1, 2, ... , a. Then 
one need only minimize 

with respect to i, to obtain the optimal action. The predictive 
probability of C is the same for any individual that tests positive, 
but individuals may very well differ in the utilities (or costs) they 
would assign. If costs for each action, say c;, are in the same units 
as the losses, then we would minimize 

A similar analysis holds for those that tested negative. Of course 
there may be individuals who would take the same action irrespec­
tive of the test result-these individuals can save the expense of 
taking the test. Since the posterior densities of 7T, T/, (} can be 
quite complicated, approximations have been developed by John­
son and Gastwirth (1991). 

8.3 Prediction for a future value 

There are four other calculations of some interest (Geisser, 1987). 
First, consider the situation where in a screening program a 
hospital administrator receives only individuals who are classified 
as T, that is the laboratory does not inform him how many were 
T. These individuals are assumed to be independently sampled 
from the same population as those that were in the training 
sample. Presumably, these, say ZT, individuals will exhibit either 
C or C within some fixed time. In order to make appropriate 
preparations, the administrator would like to ascertain the num­
ber, ZTc of those ZT, who will need treatment for C. In such 
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situations, where the number of those who are T is censored, 
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Pr(ZTc = miZT = k, d)=(!)! 1/Jm(l- 1/J)k-m dP( T/, (}, 1rld) 

=(!)fr/Jm(l-1/J)k-mdP(f/!ld). (8.4) 

For sufficiently large ZT 

( ZTc ) Pr ZT ~yld ~ Pr[f/! ~yld], 

since by de Finetti's theorem as ZT grows 

z 
lim __.!!:.. = 1/J 

ZT 

with distribution function P(f/!ld). If, on the other hand, a total 
sample of J individuals were screened and ZT of them were T, 
we obtain 

Pr(ZTc = miZT= k, J, d)=(! )J 1/Jm(l- 1/J)k-m 

XdP( 1/JIZT = k, J, d), (8.5) 

which differs from (8.4) because of the additional information. 
There may also be interest in the predictive probability for ZT, 
the number that test T out of J, 

Pr(ZT=kiJ,d) = U)fCrrTI + (l-7r)(l-8)}k 

X{1r(l-11) + (l-1r)8} 1 -k dP(1r,T/,8Id). 

Finally, the probability for the number Zc that have the condi­
tion, among the J individuals that are to be screened, is calcu­
lated as 
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All of these calculations require a prior distribution for fJ, TJ, 
and 7T and numerical evaluation of the requisite integrals by one 
means or another. With regard to a decision framework, we could 
examine the problem from the point of view of the hospital 
administrator or, more generally, society. We may wish to assume 
that all individuals are exchangeable and are to be provided for 
equally, and thus that there is a single set of societal losses. 
Suppose lim is the loss associated with assuming that i individuals 
require treatment when in fact m will. Then 

ZT 

E(Li) = L Pr(ZTc=miZT,d)lim· 
m~O 

Hence we would find the i* that minimizes the above expectation. 
Let c be the actual economic cost for making treatment available 
to an individual, b be the benefit of treating someone who has the 
characteristic, d the extra cost associated with preparing for 
unnecessary treatment, and finally e the cost of not having treat­
ment available for someone with the condition. Then a possibly 
useful set of values for lim is 

{
ic-mb+(i-m)d 

lim= me -mb 
ic-ib+(m-i)e 

fori> m 

fori= m 
fori< m. 

The simplest case resulting from this is a comparison of the 
losses of treating no one to treating everyone. We calculate 

E( L 0 ) = eE( ZTc) 

E(LzT) = (c +d)ZT- (b +d)E(ZTc)· 

Note as E(ZTc) ~ 0, E(L0 ) ~ 0 indicating that no preparation is 
dominant while if E(ZTc) ~ ZT then complete preparation will 
dominate if and only if c < b +e. Calculations for the Li, 0 < i < 
ZT are more complicated and could require the aid of a computer. 
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8.4 Comparison of tests 

Before we compare tests we would like to have an indication of 
when a test is diagnostically useful. Clearly unless a given test has 
the minimal property that 1{1 = Pr( CIT) > 0.5 and Iii = Pr( clr) > 
0.5, it is useless. One would of course prefer these probabilities to 
be considerably greater for the test to be diagnostically useful, say 
1{1 > 'Y > 0.5 and Iii> y > 0.5, for some fixed values 'Y and y. In 
particular when using the test for a given individual, when TJ, 8, 
and 1r are unknown, we would prefer that the predictive probabil­
ities 

Pr(CIT,d) =E(I{IIT,d) >y>0.5 

Pr(CI T, d)= E(liil T, d)> r > 0.5. 

For a large number of future individuals, appropriate criteria 
for a useful diagnostic test would be 

or jointly 

Pr[ 1{1 > 'Y] > B > 0.5 

Pr[ Iii> y] > 8 > 0.5 

Pr[l/J>y,ifi>r] >80 >0.5. 

In deciding which test (if only one test can be used) of the two T1 

or T2 to administer, clearly we would prefer T1 to T2 if 

When l{li and «iii, i = 1, 2, are unknown, the predictive probabilities 

E(l/J1 Id) >E(l/J2 Id) 

E(ifi1 ld) > E(ifi2 ld) 

are sufficient for T1 to be preferred to T2• These expectations are 
the predictive probabilities regarding a new individual who has 
tested positive for the first inequality or negative for the second 
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inequality. In dealing with a large number of future individuals 
one could use as a comparison of the two tests 

to indicate the superiority of T1 to T2 • 

8.5 Two tests 

In this section, we allow for the availability of two distinct tests 
that may be administered either simultaneously or sequentially in 
a mass screening program. There are a number of different 
decision rules one can follow regarding how to proceed. If one 
were to administer two tests simultaneously, one could assert that 
the characteristic exists or preexists if both tests are positive or if 
either test is positive. A decision could be made to ignore one of 
the test results and to simply designate C or C according to a 
single test's result. One could administer the tests sequentially 
and allow for the possibility of administering one test first and 
then either stopping if the result were positive, or proceeding to a 
second test if the result were negative. The final decision would be 
to designate as C either a positive on the first test or a negative on 
the first and a positive on the second. Another sequential possibil­
ity is to give a single test and to designate C if the result is 
negative, otherwise give the second test and designate C only if 
both tests are positive. 

We denote our single test results as CF;, T) i = 1, 2, to denote 
positive or negative, and introduce notation to indicate the above 
decision rules. There are eight possibilities that we will discuss. 
They are listed in Table 8.1. Decision rule, R8 say, resulted in a 
positive result, T, if Test 2 was administered first and was positive 
or if it was negative and then Test 1 was subsequently positive. 
The omitted possibilities correspond to rules that can never be 
optimal for a sensible loss structure; for example, assert C if 
Test 1 is negative, denoted as T (Geisser and Johnson, 1992). 

There are expenses associated with the tests, and losses in 
making wrong decisions. We defer discussion of expenses for the 
time being. Here, we define a function that reflects the various 
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Table 8.1 Decision Rules 

Rule Decision rule (assert C if) Notation 

Rl Test 1 is positive Tl 
R2 Test 2 is positive T2 
R3 Both tests positive (simultaneous tests) (T1T2) 
R4 Either test positive (simultaneous tests) (T1 U T2) 

Rs Both tests positive (sequential tests) T1T2 
R6 Both tests positive (sequential tests) T2Tl 

R7 Either test positive (sequential tests) T1 u 'i\T2 

Rs Either test positive (sequential tests) T2 u T2Tl 

losses associated with correct and incorrect decisions. Later we 
will define a function that reflects the actual costs or expense of 
administration connected with the decision rules. 

We define our loss function in Table 8.2. For example, the cost 
of a positive decision when C is present is lu. The first subscript 
of (j denotes the decision, T or T, and the second denotes 
presence or absence of the characteristic. 

Table 8.2 Loss Function 

Decision rule 

Outcome 

T 

'f 

True state 

c c 

When C denotes some serious condition, there are two points 
of view that one can take regarding this cost function; one from 
the perspective of society and the other from that of the individ­
ual. From a societal standpoint, it could be sensible to argue that 

Subsequently, we consider a situation where the cost associated 
with infecting an individual by transfusion of contaminated blood 
(containing a communicable virus) is assumed to be high, say 
/ 01 = $106• While there are costs associated with false positive 
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results, they are expected to be much less than $106. The individ­
ual involved would generally not be informed of a positive result 
unless it was confirmed by additional testing to be positive, thus 
the loss 110 would be expected to range from a minimum amount 
(the cost of the initial test) to further costs, depending on how 
many confirmatory tests were equivocal before a definite decision 
could be made regarding the infection status. In the event that 
individuals were informed as to the results of the screening test, 
these costs could be much higher. The ordering could vary from 
one individual to another. Drug testing is a good example of a 
situation where the ordering would vary depending on one's 
perspective. In general, it would only be reasonable to assume 
i;; < lki for all k-=/= j. 

A generalization of our notation from Section 8.2 regarding the 
conditional probabilities for the various outcomes of the two tests 
is introduced in Table 8.3. Thus Pr(T1, T2 IC) = 1]11 , Pr(J\, T2 IC) 
= 801 , etc. The first subscript corresponds to a positive or negative 
result on Test 1 and the second denotes the same information for 
Test 2. We define Pr(C) = 1r as before, and the predictive values 
positive and negative for decision rule R; as 

Pr(CIT)=I/1; and Pr(CIT)=i/1;, fori=1,2, ... ,8. 

Table 8.3 Conditional Probabilities for the Outcomes of the Two Tests 

c c 
Tz Tz Tz 't2 

Tt 7Ju 7710 811 Ow 
'tl 7Jot 7Joo 801 Boo 

For each of the eight joint tests in Table 8.1, define the sensitivity 
and specificity as 

'17; = Pr(TIC), 8; = Pr(TIC) i = 1, ... ,8. 

For decision rule R;, the expected loss is 

E( L IR;) = 7r7J;[ 111 -101 ] + ( 1 - 1r )8;[/00 -110 ] + 1rl01 

+ (1 -1r)i10 • (8.6) 
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Table 8.4 Pr(TI C) and Pr(TI C) for the First Four Decision Rules 

Rule Pr(TI C) (sensitivity) Pr(TI C) (specificity) 

Rl 11! = 1111 + 1110 61 = 6oo + 601 
Rz 1!2 ='Yin + 1lo1 6z = 6oo + fJ 10 

R3 113 ='Yin 63 = 6oo + fJo1 + 610 
R4 114 = 1711 + 1110 + 1101 64 = 6oo 

The values of Pr(TI C) and Pr(Tl C) for each of the first four 
decision rules are presented in Table 8.4. Note that, irrespective 
of prevalence and losses resulting from either false positive or 
negative results, if 77 10 = 77 01 = 0, (T1T2 ) is optimal. If 801 = 810 = 0, 
(T1 u T2 ) is optimal. If 77 10 = 801 = 0, T2 is optimal, and if 77 01 = 
810 = 0, T1 is optimal. Finally, it follows easily that the values for 
R 5 and R 6 are equivalent to those for R 3 , and similarly R 7 and 
R8 are equivalent to R 4 • Consideration of other rules is precluded 
since it is sufficient that other rules cannot be optimal if the 
following sensible conditions hold, namely, max(lu, /00 ) < 
min(/10 , / 01 ), 77 11 > 71;j > 77oo and 800 > lJ;j > 811 for i * j = 0. When 
the parameters are unknown we assume that their joint posterior 
distribution is sufficiently concentrated on the parameter space 
given above that similarly the other rules remain inadmissible. 

For a mass screening program, such as contemplated for cer­
tain diseases, it would be desirable to use the optimal rule. Now 
rule R will be preferred to R* if the expected loss under R is less 
than that under R*. Denote this as R > R*. It is straightforward 
to show that if k = (110 -l00 )j(/10 -[00 + 101 -[11 ), then, in the 
more easily recognizable notation, e.g, R 3 is (T1T2), 

T2 > (T1 u T2 ) = (T1T2 ) > T1 = Pr( CIT1T2 ) < k 

T1 > (T1 u T2 ) = (T1T2 ) > T2 = Pr(CIT1T2 ) <k 

(T1T2 ) > (T1 U T2 ) = Pr( CIT1T2 U T1T2 ) > k 

Pr( C, T1T2 )- Pr( C, T1T2 ) 

T2 > T1 = <k 
Pr( T1 T2 ) - Pr( T1 T2 ) 

Pr( Cl T1T2 ) < Pr( Cl T1T2 U T1T2 ) 

< Pr( Cl T1T2 ) = Pr( Cl T1T2 ) 

< Pr( CIT1T2 ). (8.7) 
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Note that k = 1/2 when /10 -/00 = /01 -/11 or more particularly if 
100 =111 and /10 =/01 • Suppose that Pr(CIT/f2)<k<Pr(CIT1T2). 

Then it follows that 

and 

thus T2 would be the optimal procedure if the actual monetary 
cost of testing were irrelevant. In fact, it is also the case that if T2 

is optimal, then the above condition must hold, due to (8.7), so the 
condition is necessary and sufficient. The following necessary and 
sufficient conditions are shown using the previous results: 

T1 is optimal= Pr( Cl T1T2 ) < k < Pr( CIT1T2 ) 

T2 is optimal= Pr( Cl T1T2 ) < k < Pr( Cl T1T2 ) 

(T1T2 ) isoptimal=Pr(CIT1T2 ) <k and Pr(CIT1T2 ) <k 

{T1 UT2)isoptimal=Pr(CIT1T2 )>k and Pr(CIT1T2 )>k. 
(8.8) 

These conditions translate easily into equivalent statements re­
garding the parameters {71;j, 0;) and 1r. 

With the values in Table 8.3 fixed and known, it is possible to 
partition the space of (k, 1r) values into regions for which the 
various rules are optimal. Define k* = kj(l- k), a= 001 /77 01 , 

b = 010/77 10 , a*= 001 /(001 + 77 01 ), b* = 010/(010 + 77 10). Then 

ak* bk* 
T1 is optimal= 1r < 1 + ak*, 1r > 1 + bk* 

bk* ak* 
T2 is optimal= 1r < 1 + bk*, 1r > 1 + ak* 

( 
ak* bk* ) (8·9) 

(T1T2 ) is optimal= 1r <min 1 + ak*, 1 + bk* 

( 
ak* bk* ) 

{T1 U T2 ) is optimal= 1r >max *, * . 
1 + ak 1 + bk 

If a < b, the regions of optimality are given in Figure 8.1. If a > b, 
then the middle region corresponds to values of (k*, 1r) for which 
T1 is optimal; T2 would thus never be optimal when a< b. 
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~~---------------------------------------------, 

~--------------------------------------------~k* 

Figure 8.1 Regions of optimality 

Now assume the parameters are unknown and that prior infor­
mation is available for ({7J;),{Oij},'7T) in the form of independent 
Dirichlet distributions, namely 

P({ 7J;J) an 7Jiju-I; 7J;j ~ 0, L7Jij=l, Eaij =a, 
l' J i,j i,j 

p({eij}) an O;~u- 1 ; eij ~ o, Ee;j=l, Ea;j=a, 
l,J i, j i' j 

Assume that data of two types are available. The first type consists 
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of "training data," where individuals known to have C and indi­
viduals known to be C are tested and a decision made as to T or 
T in each case. The likelihood corresponding to such data is 

L({ 7J;j}, {8;J) = 0 7J[y8[j;; 
i,j 

I>ij =n, 
i,j 

~)::ij = n. 
i,j 

The second type of data contains information for 1r; such data can 
either be direct or indirect, as in the one test case discussed in 
Section 8.2. Direct data for 7T are assumed to arise from a 
binomial sample for 1r; the corresponding likelihood is the same 
as in (8.1). Indirect data for 7T are obtained from screening data 
on individuals whose status with respect to C is unknown. This 
type of data is especially appropriate for small 7T, since direct 
estimates of 7T in such cases would often be prohibitively expen­
sive andjor impossible to obtain. We assume indirect data for 7T 
is in the form of a screening test from the general population 
under scrutiny. Many types of independent screening data are 
possible; for example 

S1: s1 individuals are randomly selected and tested with Test 1 
and s2 individuals are randomly selected and tested with 
Test 2; 

S2 : s individuals are randomly selected and tested with both 
Tests 1 and 2. 

The likelihoods for S1 and S2 are 

2 

L 1( { 7J;j}, {8;J, 1r) = 0 {7r7J; + (1 - 1r )(1- 8;) r· 
i=l 

X {7r(1- 7J;) + (1- 7T )8;)',-t; 

L2({ 7J;J, {8;j}, 1r) = n {7T7J;j + (1 -7T)8;xi). 
I' J 

Of course, screening data could be obtained from any of the 
sampling schemes that correspond to the other decision rules in 
Table 8.1. 
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For the above sampling designs, the total likelihood is either 

or 

i = 1,2. 

Under the first sampling scheme, the posteriors for {7Jij}, {0;), and 
Tr are independent and Dirichlet, i.e., Xij ~ D({O;)) indicates that 

f({xij}) an nx7r-
i j 

Writing d for data, 

{ 11 ii} I d ~ D ( { rij + a ij} ) , { oij} I d ~ D ( { rij + a ii}) 
Trld ~Beta( y + tc, y + v- tc). 

(8.10) 

Posterior means and variances and the sensitivities and specifici­
ties of all the decision rul~s are easily obtained under this setup. 
For example, the expected sensitivity for R 1 is 

E(771 ld) = (r11 +r10 +a11 +a10 )/(n +a) 

and the expected prevalence is 

Joint posteriors under screening data S1 and S2 are easily ob­
tained, but are computationally burdensome. Simplifications in 
the high accuracy and low prevalence case are possible. We shall 
assume here that direct information is available for Tr, and thus 
the posterior distribution of all parameters will be given by (8.6). 
In these cases where current data are unavailable, one's prior 
knowledge of Tr in conjunction with data for the 7J;js and O;js may 
be sufficiently precise to warrant an analysis without current data 
for Tr. 
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The predictive probability of C for an individual that has just 
tested positive according to decision rule Ri is calculated as 

Pr(CiT,d) =E(t/IJT,d). 

On application of Bayes Theorem, this can also be expressed as in 
(8.2) with ( 7Ji, 8) substituted for ( 7J, 8). Similarly, Pr(CI T, d)= 
E(-;[,iiT, d), the probability that an individual who tested negative 
on the test is actually C can be calculated as in (8.3). To obtain 
values from a particular rule, we simply substitute the appropriate 
sensitivity and specificity from Table 8.4 into (8.2) and (8.3). 
Under our sampling scheme for 7T, all expectations of products 
result in products of expectations due to independence. For 
example, with rule Ri, 

E( 7T\d)E( 7Jiid) 
Pr(CiT,d) = E(7Tid)E(7Jiid) +E(l-7Tid)E(l- 8iid). 

The optimal rule in the case of unknown parameters can now be 
given. From (8.1) we obtain the expected loss, given rule Ri, as 

E(LiRi, d)= E( 7T7Jiid)(l11 - 101 ) + E{(l-7r)8ild)(/00 - 110 ) 

+ E( 7T\d)L01 + E(l -7Tid)L10 • (8.11) 

On substitution of particular values for the sensitivity and speci­
ficity for different rules, it follows from (8.11) that (8.7) and (8.8) 
must hold with all conditional probabilities replaced with corre­
sponding predictive probabilities. For example, replace Pr( C I T1 T2 ) 

with Pr(CIT1T2 , d)= E(7T7J 10 id)jE(7T7J 10 + (l-7T)810 \d), etc. 

8.6 Costs of administration 

In any large scale screening program costs of administering the 
tests will be of considerable concern. For example, with regard to 
two diagnostic tests for the same characteristic, one may be an 
order of magnitude less expensive than the other. Also, there may 
be a differential in the cost of a simultaneous administration of 
both tests in contrast to their sequential administration. Among 
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other things this may result from having to store the sample until 
the result from the first test is obtained, or from asking a testee to 
return for testing. 

Once all of the actual testing costs are carefully ascertained, 
their incorporation into a complete decision analysis can be made 
without much difficulty. The major problems are in assessing in 
some reasonable way the original losses on a comparable mone­
tary scale with the actual expense of testing. Another decision 
analytic consideration would be for a situation where a program 
was limited to a fixed amount of funding because of competing 
concerns. In this case, procedures that optimize certain well­
defined benefits would be of critical interest. 

Let K; be the cost of administering Test i alone, and let K;i 
be the cost of administering Test i followed by administering 
Test j. Let K<12) be the cost of administering both tests simultane­
ously. Clearly, it is reasonable to assume that Kii ~ K(lZ) ~ 
max(K1, K2 ). In testing for a disease, for example, there may be 
storage and retrieval costs for sequential sampling. 

The expected cost for the eight rules are given in Table 8.5. 
The probabilities are conditional on the parameters. If they were 
unknown, then they would be conditional on d. 

Table 8.5 Expected Cost for the Eight Rules 

Rule E(Cost) 

Rt Kt 

Rz Kz 
R3 K<t2) 

R4 K<12) 
R 5 K 1 + (K12 - K 1)Pr(T1) 

R 6 K 2 + (K21 - K 2 )Pr(T2 ) 

R 7 K 1 + (K12 - K 1)Pr(f1) 

R 8 K 2 + (K21 - K 2 )Pr(f2 ) 

Finally, define the total expected loss for decision rule R; to be 
the sum of the appropriate expected loss from (8.3) or (8.11) and 
the appropriate expected cost from Table 8.5. We find that the 
total expected loss for R 5 is greater than that for R 3 if and only if 
E(Cost) for R 5 is greater than that for R 3• The same holds true 
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for R 6 compared with R3 . R 7 is preferable to R 4 if E(Cost) for 
R 7 is less than E(Cost) for R 4 , and the same holds true for R 8 

compared with R 4 • The decision as to whether to consider se­
quential tests versus simultaneous tests is based purely on costs. 
Thus if K 12 = K 21 = K<12> or more particularly if K 12 = K< 12> = K 1 

+ K 2 , then R 5 and R 6 will be preferable to R3 and R 7 and R 8 

will be preferable to R 4 • 

8.7 Numerical illustrations of screening 

We consider two data sets abstracted from studies that were 
designed to compare different tests for detecting antibodies to the 
AIDS virus (Burkhardt et al., 1987; Sandstrom et al., 1985). 
Neither study contained information for 7T. In both of these 
studies, we utilize data for the accuracies in conjunction with 
independent information for 1r from the population of blood 
donors in Canada (Nusbacher et al., 1986). 

For both of the AIDS studies, individual serum specimens were 
tested with two commercial preparations. For our purposes, weak 
positives and negatives were considered positive. In both studies, 
specimens that were weakly positive or negative on either test, or 
that resulted in discrepant results (T/i2 ) or (T1T2 ) were retested 
in a variety of ways, including the Western Blot test, an ultimate 
determination as to the true status of the specimen was ascer­
tained. In one of the studies, a subsample of (T1T2 ) and (f'/i'2 ) 

samples was given confirmatory tests and one discrepancy was 
noted. From these studies, we have abstracted 2 X 2 X 2 tables of 
counts in the form of Table 8.3. It will be assumed that these are 
the same tables that would have arisen if all specimens were given 
confirmatory tests. Since there are possible errors in the abstrac­
tion of the data, the analyses are only illustrative. 

Assuming a generic measurement scale for the moment, let 
100 = lu = 0 and 101 = 1 ~ 110 = q > 0 for this study. This reflects a 
societal attitude that it is worse to infuse contaminated blood than 
it is to falsely identify a healthy donor in the AIDS examples. 
With these assumptions, k =qj(l +q) and k* =q. 

Finally, regarding the priors, we assume au= 3.9 = a00 , a 10 = 

a01 = 0.5 = ll10 = U01, and aoo = 0.1 =au. Thus, OUr prior for {7J;) 
has a weight, au + a 10 + a 01 + a 00 = 5, which is equivalent to a 
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sample of size n = 5 for the data. The same statement holds for 
{8;)· Furthermore, our prior reflects the belief that simultaneous 
correct screening results are quite likely (prior probability= 3.9 j5 
= 0.78) and that incorrect results are considerably less likely, but 
still plausible. 

For information on 1r we utilize Canadian data obtained by 
Nusbacher et al. (1986). They administered a questionnaire that 
was designed to encourage "high risk" individuals to donate their 
blood anonymously for research purposes rather than for possible 
transfusion. Among 94,496 individuals whose blood was not uti­
lized for research purposes, 405 samples tested positive on an 
ELISA screening test, and among those, 14 were confirmed posi­
tive by Western Blot. If we assume the remaining 94,091 negative 
samples were actually uncontaminated, then these data could be 
treated as a Bin (94496, 1r) sample. The prevalence 1r is the 
proportion of contaminated samples in the Canadian blood that is 
available for transfusion. With an improper B(l, 0) prior for 1r, 
E( 1rld) = 0.000148. Alternatively, one could simply assume a beta 
prior with mean 0.000148 and an appropriate standard deviation. 

Now Burkhardt et al. (1987) sampled 503 individuals and tested 
each serum specimen with a drug company "A" ELISA test and a 
drug company "D" ELISA test. The data on accuracies in Table 
8.6 were abstracted from their study. 

Table 8.6 Data on Accuracies 

A-ELISA 

c c 
T f T f 

D-ELISA 
T 92 0 8 9 
r 1 0 23 370 

We do not assume specific information for 1r, nor a specific 
value for q as yet, but we do assume that a prior for 7T is available 
and direct information for 7T could be obtained in the form (8.1). 
The resulting posterior for 1r is beta. Utilizing the data displayed 
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in Table 8.6, we obtain independent Dirichlet posteriors for 
({1lij}{8;), 7T ). 

The conditional predictive probabilities of positive and negative 
results for rules RcR4 are listed in Table 8.7 where the notation 
is D = T1, A = T2. These probabilities are calculated as 
Pr(TI C, d)= E( 11id), Pr(TI C, d)= E(Oid). 

Table 8.7 Conditional Predictive Probabilities of Positive 
and Negative Results for RcR4 

Rule Assert C Pr(TI C, d) (sensitivity) Pr(TIC, d) (specificity) 

R! DisT 0.984 0.958 
Rz AisT 0.994 0.924 
R3 (DA) both T 0.979 0.981 
R4 (D UA) either T 0.999 0.901 

Considering the optimality of rules R 1-R 4 , we obtain 

a= E( 801 ld)/E( 71 01 ld) = 3.70 

b = E( 810 ld)/E( 71 10 id) = 4.50. 

Optimality is determined according to (8.6) and is viewed pictori­
ally by consideration of Figure 8.1 with a*= 0.79, b* = 0.82, 
k* = q, and E(7Tid) substituted for 1r. The D-ELISA alone would 
not be optimal for any q regardless of the value of E( 7T I d). 

If we assume the posterior for 7T has mean 0.000148, as 
discussed above for the Canadian transfusion pool, it remains to 
consider a before making a decision regarding the choice among 
rules RcR4 , without regard to costs of administering the tests. 

Suppose for the sake of illustration that the value $106 is 
attached to the life of an individual transfused with contaminated 
blood. In this instance, we find that the rule (DA) is preferable if 
q > $40, the rule (D u A) is preferable if q < $33, and the rule A 
is preferable if $33 < q < $40. 

We now consider the expenses associated with the administra­
tion of these tests. For simplicity, assume K1 = K 2 = K, K<12> = 
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K 12 = K21 = 2K. Then 

where 

E(CostiR 1) = E(CostiR 2 ) = K, 

E(CostiR3 ) = E(CostiR4 ) = 2K, 

E(CostiR5 ) =K{1 + Pr(Did)}, 

E(CostiR6 ) = K{ 1 + Pr( A I d)}, 

E(CostiR 7 ) =K{1 + Pr(Did)}, 

E(CostiR8 ) = K{1 + Pr( Aid)}, 

Pr( Did)= 0.941£( 'lTid) + 0.042, 

Pr( A I d) = 0.918£( 'lTid) + 0.076. 

Thus for the situation above with E( 'lTid) = 0.000148, 

E(CostiR5),;, 1.042K, 

E(CostiR 7 ),;, 1.958K, 

E(CostiR6 ),;, 1.076K 

E(CostiR 8),;, 1.924K. 
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Suppose K = $1 and q = $25. Without regard to the cost of 
administering a test, (D UA) is optimal. The total expected losses, 
per individual, for the eight rules are $4.42, $3.79, $5.58, $4.62, 
$4.46, $3.87, $5.54, and $4.54, respectively. Thus A would be 
optimal overall. If on the other hand K = $5 and q = $50, then 
(DA) is optimal without considering test expense. The total ex­
pected costs for the eight rules are $11.57, $13.49, $15.01, $20.05, 
$10.22, $10.39, $19.84, and $19.67, respectively. Thus the sequen­
tial rule (DA) would be optimal. 

We finally list the PVP and 1- PVN values for the rules 
(Table 8.8). 

Table 8.8 PVP and 1 - PVN Values for the Rules 

Rule Pr(C IT, d)= PVP 

0.0035 
0.0019 
0.0076 
0.0015 

Pr(Ci 'f, d)= 1- PVN 

2.4 x w- 6 

o.8 x w- 6 

3.1 x w- 6 

o.2 x w- 6 
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CHAPTER 9 

Multivariate normal 
prediction 

When modeling a continuous random variable the univariate 
normal distribution has been more frequently and successfully 
used in applications than any other distribution. In dealing with 
continuous p-dimensional vectorial random variables, the poten­
tial number of joint distributions, depending on various condi­
tional and marginal distributions, is combinatorially increasing in 
the dimension p. Nevertheless, there are many data sets where all 
of the marginal and conditional distributions are sufficiently close 
to normality such that the multivariate normal distribution can be 
considered a reasonable model for use in problems involving 
prediction. In this chapter. we shall restrict our attention to this 
model. 

9.1 Multivariate normal prediction of a future observation 

Let X be a p-dimensional random variable having density 
function 

i.e., an N(p,, !,) distribution with 

p,= and 
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Let x 1, x 2, ... , xN be a random sample of p-dimensional vector 
observations on N(JL, I). To obtain a subjective prior for tP<P + 3) 
parameters of the multivariate normal distribution is basically a 
hopeless task for any p > 2 unless some very specific situation 
obtains. In the absence of such we shall use 

first suggested by Geisser and Cornfield (1963). This can be 
derived in a number of ways, one of which is as a limiting case of a 
conjugate prior on JL and I - 1• It can also be shown to satisfy the 
invariance criterion of Jeffreys if it is slightly stretched to imply 
prior independence of JL and I - 1 and the use of only 

rather than 

as might be implied by the original Jeffreys' criterion. The former 
provides invariance for JL alone and for I - 1 alone but not jointly, 
while the latter provides joint invariance for JL and I-t [see Box 
and Tiao (1973) for a derivation from Jeffreys' criterion]. Another 
justification for this prior will be given in a predictive context 
afterward. Now from the random sample of size N the likelihood 
can be written as 

where 

1 N 

i= N L xa 
a=l 

and 
1 N 

S= N- 1 L (xa-i)(xa-i)'. 
a=l 

Hence the posterior density depends only on i and S and is 

P(JL,I- 1ix,S) aL(JL,u- 1)III(p+l)/Z 

a I I -l,(N-p-l)/2e-(l/2)tr l- 1[(N-1)S+N(x-JLXX-JLYJ. 
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Further 

f( XN+11x, S) 

= f jf(xN+1iJ.L,"!.- 1)P(J.L,"!.- 1ix,S)dJ.Ld"!.- 1 

Now 

where J = (N + 1)- 1(Nx +xN+ 1). Hence it is seen that 

f( XN+11x, S) 

=[ N ]P12 f(Nj2)i(N-1)SI<N- 1)/Z 
(N + 1)1T f[(N-p)/2) 

X I ( N - 1) s + [ N I ( N + 1) ]( X -X N + 1 )(X -X N + 1 )' ,-N 12 . 

(9.1) 

From the above or by other methods it can be shown that 
[(N- p)N]/[p(N 2 -1)](XN+ 1 -xYS- 1(XN+ 1 -x) is distributed 
as an F(p, N- p) variate. Therefore a 1- a predictive probabil­
ity region for the as yet to be observed X N + 1 can be found 
through 

-' -1 - p(Nz-1) 
Pr[(XN+ 1 -x)S (XN+ 1-x)] ~ N(N-p) Fa(p,N-p) 

= 1-a. 

A loss function justification for (9.1) can be given in frequentist 
terms analogous to example (2. 7). However a somewhat similar 
approach in Bayesian terms is as follows: In general let p(O) EPa 
class of prior densities. Then for each member of P we obtain a 
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corresponding predictive density for XN+t' namely g and class G 
assuming it exists. We then calculate 

[ 
f(xN+tiO) l 

K(f, g) =E log { I (N)) 
g XN+1X 

where the expectation is over the distribution of XN+t given 0. 
Next we obtain 

E[K(f, g)] 

where now the expectation is over X 1, ••• , XN given 0. We then 
search among the class P and its correspondents G for the prior 
p(O) that minimizes E[K(f, g)]. In our particular case if we 
restrict the class P such that the correspondent of each p(O) for 
0 = (JL, I -l) is a g(x N + 1 lx<N>) such that g is invariant under 
translation and nonsingular linear transformations of the sample 
space, then one can show that the unique solution is 

9.2 Normal linear calibration 

Two methods may be available for measuring the same phe­
nomenon. One may be highly accurate but time consuming and 
expensive while the other may be inexpensive, quicker, and easier 
to perform but less accurate. An experiment has been run to 
calibrate the cheaper method in a random way (sometimes called 
a natural experiment), i.e., samples have been drawn at random 
from the population yielding N pairs of observations (y;, x) = d;, 
where d; stands for the ith data pair and d<N> for the data set. 
We assume that the calibration is linear and the joint distribution 
of (Y, X)= D is N(JL, I) where 

noting the simplification in notation from (X1, X 2 ) to (X, Y). 
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In this case Y and X represent the less accurate and the more 
accurate measurements, respectively. For a future sample value 
DN+ 1 = (XN+ 1, YN+ 1) we observe YN+ 1 = z, the object is to predict 
the unobserved value, say w, corresponding to XN+ 1• This is 
accomplished by calculating the predictive distribution of (X N + 1, 

YN+ 1) and then the conditional predictive distribution of XN+ 1 

given YN + 1 = z. From our previous work (9 .1) where we assumed a 
particular prior and p = 2 we obtain 

N (w -.X) -N/2 f(w,zid<Nl)ai(N-1)S+-- - (w-i,z-.Y)i . 
N+1 z-y 

Now clearly both 

and 

where 

N 

s11 = (N-1)- 1 L, (x;-i) 2, 
i~l 

N 

s12 = {N-1) L, (x;-i)(y;-.Y), 
i~l 

N 

s22=(N-1) L,(y;-.Y)2, 
i~1 
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2 
S21 

S22-1 =sn- -, 
Su 

" S21 
{32·1 = -. 

Su 

Then after some algebra we obtain 

X 1+-+ . [ 1 (w-i) 2
]] 

N (N-1)s11 

The center of the calibration distribution turns out to be simply 
the inverse regression of X on Y, since 

XN.,Iz- s[ N- 2, i + S,.,( z- Y), ( N- 2)s,.., 

X 1+-+ . [ 1 (z-y) 2
]] 

N (N-1)s22 
(9.2) 

There is another kind of calibration experiment that is a 
designed experiment where the values x 1, ••• , x N are selected or 
controlled and the y 1, ••• , YN observed. In a designed experiment 
there is no sample information on X from the trial itself (e.g., 
Geisser, 1964), and 

f(w, z) = f(zlw)f(w) 

where the density of X N + 1 must be obtained from information 
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other than the sample. Once ascertained then the conditional 
predictive or calibrative distribution can be obtained. 

However if we assume the following: 

YIX ~ N( a+ {3 2 . 1x, u 2 ) 

XN+1 ~N(17,'Y) 

2 1 
p(a,{32-l,u ) a 2 

17 

for known 17 and 'Y then one can obtain excellent numerical 
approximations to the calibrative distribution of XN+ 1 given z. It 
is of some interest to note that if Xi ~ N( 17, y ), i = 1, ... , N and 
we assume 

p( 17, y) a Const., 

we obtain the previous calibrative distribution (9.2) (Geisser, 
1985a). For discussions of Bayesian calibration, see Dunsmore 
(1968), Hoadley (1970), and Brown (1982). 

9.2.1 Numerical illustration of calibration data 

An inexpensive portable analyzer for measuring the number of 
micrograms of a pollutant per cubic meter of air in samples has 
become available. The usual accurate method requires bringing 
the samples back to a laboratory for analysis and is much more 
costly. Twenty random samples have been collected and are 
analyzed by both methods. The bivariate data are (i, y) = (35.14, 
39.55) and (sw s22 , s12 ) = (1.874, 10.390, 9.650) and (ffi1. 2 , ffi2 . 1) = 
(2.99, 1.657). The data are plotted in Figure 9.1, along with both 
regressions Y on X and X on Y and a 0.95 probability predic­
tion interval for X N + 1 given YN + 1 = z over a range of values 
for z. Thus for a given z, E(XN+ 1)=i+{31.z(z-y)=35.14+ 
0.299(z- 39.55) is the predicted value of the laboratory analysis 
given an observed z from the portable analyzer. 
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Figure 9.1 Regressions and 0.95 prediction interval for pollutant calibra­
tion 
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9.3 Classification 

199 

We assume we have a known number, say k, of distinct and 
labeled populations measured on the same p variables whose 
distributions are multivariate normal but whose parameters are 
unknown. One or more unlabeled observations have been or will 
be generated from these populations. The goal is to classify these 
observations as to their appropriate populations in an optimal 
manner. Such procedures are useful in a variety of situations 
ranging from medical diagnosis to the admission of students to 
college. 

Consider the case where population 7Ti, i = 1, ... , k is assumed 
to be N(JLi, I) and labeled random samples of size N; (also 
known as training samples) from 1T = 'TTi, i = 1, ... , k are available. 
Now before an unlabeled vector Z is observed we assume the 
prior probability that it has label 'TT; is 

The object is to determine the posterior probability after observ­
ing Z = z, and the training sample, namely 

where D = (D 1, •.• , Dk), Di is the data from 7Ti, and q = 
(q1, •.• , qk) is assumed known for the time being (we shall treat q 
unknown subsequently). Now we outline the steps of the calcula­
tion (the actual details will be treated in the latter part of the next 
section). Hence 

where 
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and p(f-Li, IiiD) is obtained from 

k 

P(JJ., l;ID) ap(JJ., 1;) Uf(Diif-Li, Ii) 
i=l 

where JL = (J.L 1, .•• , f-Lk) and l; = (I 1, .•. , Ik) and p(JL, 1;) is the 
prior density of all the parameters. The calculation is made as 
follows: 

j 

Pr( 'lT = 'lTilz, JL, 1;, q] = qJ( z IJ.L;, Ii) /7 qJ( z IJ.L j' Ij), 

J Pr( 'lT = 'lTi lz, JL, l;, q]f( z I JL, 1;) p( JL, l;ID) dJ,L dl; 

(9.3) 

For allocation purposes we may choose to assign z to that 'lTi 
for which (9.3) is a maximum, if we ignore differential losses in 
misclassification. We could also divide the observation space of Z 
into sets of regions R1, •.• , Rk where Ri is the set of regions for 
which ui(z) = qJ(ziD, 'lT) is maximal and use these as allocating 
regions for future observations. We may also compute "classifica­
tion errors," based on the predictive distributions, that are in a 
sense a measure of the discriminatory power of the variables or 
characteristics. If we let Pr{'lTil'lTJ represent the predictive proba­
bility that z has been classified as belonging to 'lTi when in fact it 
belongs to 'lTi, then we obtain 

where 7Tf stands for all the populations with the exception of 'lTi. 
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Then the predictive probability of a misclassification is 

k k 

L, q; Pr{1r[hr;} = 1- L, q; Pr{1r;I1TJ 
i=1 i= 1 

Prior to observing Z, the smaller the predictive probability of a 
misclassification the more confidence we have in the discrimina­
tory variables. However, once Z has been observed and if our 
interest is only in the particular observed z, the misclassification 
errors are relatively unimportant, but what is important is the 
posterior probability that z belongs to 1T;· Nevertheless, before 
any observations are inspected for assignment, the error of classi­
fication can be of value in determining whether the addition of 
new variables or the deletion of old ones is warranted. 

If losses of misclassification vary, then this can be incorporat­
ed to determine optimal regions that minimize the loss of misclas­
sification. Suppose the cost of misclassifying the label of z as 1rj 
when in fact it is 1T; is given as L(j, i) then the expected loss is 

Now 

k k 

E(L) = L, L, L(j,i)q;Pr(1rji1T;). 
i=1 j=1 

j*i 

min E(L) 
RI·····Rk 

requires that z be labeled as 1r1 if 

k k 

L, L(t,i)qJ(ziD,1T;) < L, L(j,i)qJ(ziD,1T;)· 
i= 1 
i*j 

In many situations the q;s are unknown. First we consider that 
the sampling situation was such that we have the multinomial 
density for N;s (where throughout what follows Nk = N- N 1 

- · · · -Nk_ 1, and qk= 1-q1 - · · · -qk_ 1). Thus the likelihood 
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for the observed frequencies in the training sample is 

k 

L(q1, ... ,qk-1) a. nq~. 
j=1 

If we assume that the prior probability density of the qis is of the 
Dirichlet form 

k 

p(q1, ... ,qk-1) a. nqrJ, 
j=l 

we obtain the posterior density of the qis, 

Further 

k 

p(q1, ... ,qk-1IN1, ... ,Nk-1) a. 0qf1 +"j. 
j=l 

P( qt> · · ·, qk-11z, N1, · · ·, Nk-1) a.p( q1, · · ·, qk-1IN1, · · ·, Nk-1) 
k 

XL qJ(ziD,'lTj), 
j=l 

from which we obtain the posterior probability no longer condi­
tioned on q, 

Pr[ 'lT = 'lT;ID, z] 

= J · · · jPr['lT='lTiiD,z,q) 

Xp( q1, · · ·, qk-11z, N1, · · ·, Nk-1)dqt, · · ·, dqk-1 

( N; + ai + l)f( ziD, 'IT;) 
L(~+aj+ l)f(ziD,'lTj) · 
j 

In the controlled or designed situation we assume that the N;s 
were controlled. This is tantamount to assuming that N; = 0 for all 
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i as regards the posterior distribution of the Q;S, resulting in 

Pr( 1r = 7T;ID, z) a. (a;+ 1)/( ziD, 7T;)· 

The a;s may be regarded as reflecting previous frequencies or 
intuitive impressions about the frequencies of the various 7T;S. If 
there is neither previous data nor any other kind of prior informa­
tion, the assumption a;= a for all i leads to the same result that 
we would obtain had we assumed that the k populations were all 
equally likely a priori, i.e., Q; = 1jk. 

For variations of the case given here and in particular when 
l; = l for all i see Geisser (1964, 1967, 1982), Geisser and Desu 
(1968), and Enis and Geisser (1974). These algorithms and others 
will be given in the next section. 

9.3.1 Marginal, joint, and sequential classification 

Suppose we wish to classify jointly n independently drawn obser­
vations z1, ... , zn, each having prior probability Q; of belonging to 
7T;. We can then compute the joint predictive density on the 
hypothesis that (Z1 E 7T;1, ••• , Zn E 1r;) for ij E (1, ... , k), 

Here we would obtain 

It should be noted that because Z 1, ••• , Zn are dependent in the 
predictive distribution the probability of a joint classification will 
differ from the product of the probabilities of single classification 
as would be reflected in the case of the previous section. Again, 
one could now jointly assign z1, ... , zn by calculating the maxi­
mum of the above w.r.t. 7T;1, ••• , 7T;"· 

Another form of predictive classification would be one wherein 
allocations need be made as soon as possible, i.e., as soon as Z; is 
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observed. Hence, if Z 1, Z2 ..• are to be observed sequentially, we 
may wish, when we are ready to observe and classify Zn, to make 
our allocation as precise as possible by incorporating the previous 
observations z1, •.• , zn-l into our predictive apparatus. We need 
now compute the sequential predictive density of Zn on the 
hypothesis that it belongs to 'TT; conditional on the observations D 
(whose population origins are known), and on the observations 
z1, ••• , zn-l (whose population origins are uncertain). We then 
obtain the sequential predictive density of Zn on the hypothesis 
that it belongs to 'TT;· 

k 

f(zniD,zl, ... ,zn-l''TT;)a L 
in-! ~1 

xf(z1 , •.. , zniD, 'TT;, ... , 'TT; , 'TT;), 
n-1 

i.e., a mixture of joint predictive densities with Zn assumed from 
'TT;. Further, 

Assignment of zn can be made to the 'TT; that maximized the 
above. 

We now apply this to multivariate normal distributions. The 
usual situation is to assume equal covariance matrices but differ­
ing means for the k populations 7T 1, ••. , 'TTk. Hence 'TT; is repre­
sented by an N(J.L;, !,) distribution with an available training 
sample xil, ... , X;N, i = 1, ... , k. We define 

I 

N; 

- N-1" X;= i .t.... X;j, 
j~1 

( N;- l)S; = E ( xij- x;)( x;j- x;)', 
j 

k 

(N-k)S= L(N;-l)S;, N= '[N;. 
i~1 

Using the prior for J.L 1, ••• ,f-Lk and I-I, 

( " -1 ) I~ I <P + 1)/2 P .... ,f-Lt, ... ,f-Lk a "" , 
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we easily obtain, including only relevant constants, 

f( zlx;, S, 'lT;) a ( __!j_) P/
2 

N; + 1 

X [1 + N;( X;- z )' s-t( X;- z) l-CN-k+0/2 

(N;+1)(N-k) ' 

so that 

205 

(9.4) 

When this is used for each new z to be classified, we refer to this 
as marginal classification. 

We now assume that we need jointly allocate n new vector 
observations Z 1, •.• , Zn. Letting Z; represent the matrix of n; 
observations assumed from 'lT;, with n = L.~~ 1 n;, we obtain 

( k N )P/2 
an-'­

i~tN;+n; 

I 
k ~-(N+n-k)/2 

X (N- k)S + n (z; -x;e;)O;(z; -x;e;)' 
t~l 

where 0; =I+ N;- 1e;e; and e; = (1, ... , 1) is of dimension n;. 
Hence for the joint probability that Z; E 'lT; we obtain, changing 
the notation once more for convenience 

Pr['lT 1, ... ,'lTkiD,z1, ... ,zk,q] 

a ( 0 qri)f(zt, · · ·, zkiD, 'lT1, · · ·, 'lTk)· 
t~l 

The observations may, in many instances, be sequentially ob­
tained and for compelling reasons allocations (diagnoses) need to 
be made immediately. 

Let z<n- 1)=(z1, .•. ,zn_ 1) and L.' stand for the sum over all 
assignments of z 1, .•. , z n _ 1 to z 1, ... , z k with z n always assigned 
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to Z; and then summed over all partitions of n such that L.J~ 1 nj = 

n, nj ~ 0, j =fo i and n; ~ 1. Then the probability that Zn E 7T; is 

( 
k ) ( k N )P/2 

cxi' nq;J n 1 

j=l j=l~+nj 

I 
k ~-(N+n-k)/2 

X (N-k)S+ i~l (z;-i;e;)fl;(z;-i;e;)' 

for n = 2, 3 ... and fl; =I+ e;e;. 
A second case that is also easily managed is the unequal 

covariance matrix situation. Here 7T; is represented by an N(JL;, I) 
distribution i = 1, ... , k. 

Using the same training sample notation as previously and the 
usual prior 

k 

( "" _I "" _I) n 1"" 1 (p + 1)/2 P ILI•···•J.Lk,.,l , ... ,.,k ex ,.,; 
i=l 

we obtain 

f(zlxi,Si7Ti) 

a ( __!!!____ )P/2 f(N;/2)[1 + {[A';( xi- z)' si- 1(i;- z)]/( N/- 1)} rN,/2 

N;+ 1 r[(AI;-p)/2]I(N;-1)Sil 112 

(9.5) 

as the predictive density of the observation to be allocated. Hence 
the posterior probability of z belonging to 7T; is 

When all future observations are classified using the above we 
term this as marginal classification. 
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For the joint classification of Z 1, ••. , Zn we obtain for the joint 
probability 

k 

Pr['1T 1, ... ,'1TkiD,q) a 0qt•d(Z;i.x;e;,n;,S;,N;-1,n;,P) 
i=l 

where 

d( YIA, 0, A, M, m, p) 

(2'1T) -pm/2 K( p, M) IMA IM12 IOIP/2 

K(p, M + m)IMA + (Y- A)O(Y- A)'I<M+m)/2 
(9.6) 

for M ~p, m ~ 1, A is p Xp and positive definite, 0 is m X m 
and positive definite, Y and A are p X m, in addition (9.6) is 
defined as 1 for m = 0, and 

For sequential allocation w~ obtain for n = 2, 3.. . for the proba­
bility that Zn E '1T;, 

k 

Pr{'1T = '1T;ID, z<n-l),q} a E' n q}'d(z)xjej, nj, sj, ~- 1, nj, p ). 
J=l 

where I:' stands for the sum over all partitions of n = L:j= 1ni of 
assignments of z1, .•. ,zn-l to z 1, ... ,zk where zi contains ni~O 
of the z1, .•• , zn-\ but zn is always assigned to Z; and n; ~ 1. For 
other cases see Geisser (1966). 

Although the three methods (marginal, joint, and sequential) 
will generally not appreciably differ in the classification of the 
observations, one can concoct examples where all three methods 
will yield different answers for two future observations (Geisser, 
1966). 

When classification between k = 2 populations with equal co­
variance matrices is at issue and N1 = N2 = N, q1 = q2 , there is a 
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simplification. This results from the fact that 

if and only if 

V is termed the linear discriminant. (Actually, V is often used in 
frequentist contexts even when N1 =I= N 2 .) To ascertain the predic­
tive error of classification we can calculate 

where the expectation is over the joint posterior distribution of 
IL1, IL 2 , and ~-l namely 

where v = N1 + N 2 - 2. Since V conditional on IL1, ILz, and ~ -l is 
normally distributed, the integration over IL 1, ILz, and ~ -l yields 

( 
1 [ QN1( v + 1 - p) ] 112

) 
Pr[V < Olz E 'lT1] = Pr tv+l-p < - z v(N

1 
+ 1) 

where 

and tv+ 1-p is the Student's t with v + 1-p degrees of freedom. 
For the other error we calculate 

( 1 [ QN2(v + 1- p) ]112
) 

Pr[V> Olz E 'lTz] = Pr tv+l-p >- ( . 
2 v N2 +1) 

Setting N1 = N2 = N will result precisely in the same classification 
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as the posterior probability ratio. Further 

so that the predictive probability of correct classification using the 
linear discriminant is just 1- P. The interpretation is that if this 
known discriminant is used on all future observations and q1 = q2 

then 1 - P will be the fraction of them correctly classified. 
When N1 =I= N2 , classification from the posterior probabilities 

and the linear discriminant is no longer the same although the 
difference may be negligible in many cases. 

9.3.2 Numerical illustration of normal classification 

Andrews and Hertzberg (1985) presented 18 skull measurements 
on 3 species of male and female kangaroos. We have chosen a set 
of 24 female and 25 male M. giganteus and 2 measurements, 
basilar length and zygomatic width. Ten males and 10 females 
were randomly chosen on these two variables as training samples. 
These samples are presented in Table 9.1. The problem is to 
classify future M. giganteus skulls as to sex. 

The training sample means and covariance matrices, in an 
obvious notation, are x~ = (1558.8, 885.9), x~ = (1413.2, 833.2). 

SM = [ 33353.29 

SF= [ 18344.84 

and the pooled covariance matrix 

s = [ 25849.07 

13394.64] 
5733.43 

8171.51] 
3799.73 

10783.08] 
4766.58 . 

Assuming qM = qF = 1/2, NM = NF = 10, k = 2, homogeneous co­
variance matrices, and using the marginal method for classifica­
tion 
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if 

Since 

the probability of misclassification for males is 

[ 1 ( 1.061 X 10 X 17 ) 112
]-

Pr t 17 5, - z 18 X 1l - 0.32. 

The same probability is attained for females so that the overall 
probability of correct classification is 0.68. 

If on the other hand we assume that the covariance matrices 
are not homogenous, then using (9 .5) 

Pr( 1r = 1rMID) > Pr( 1r = 1rFID) 

if 

[ I+ (!Oj99)(i,-z)'Sp'(i,-z) r IS,I'~' 
1 + (10j90)(iM-z)'S;1(iM-z) ISMI 112 > 1. 

Table 9.1 Male and Female Training Samples on Basilar Length X1 and 
Zygomatic Width X 2 and Classification into Male or Female viaE= Pooled 
Covariance Matrices or U = Separate Covariance Matrices 

Males Females 

xl Xz u E xl Xz u E 

1439 824 M M 1464 848 F F 
1413 823 F F 1262 760 F F 
1490 897 F F 1112 702 F F 
1612 921 F M 1414 853 F F 
1388 805 F F 1427 823 F M 
1840 984 M M 1423 839 F F 
1294 780 F F 1462 873 F F 
1740 977 M M 1440 832 F F 
1768 968 M M 1570 894 M M 
1604 880 M M 1558 908 F F 
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Table 9.2 Male and Female Future Samples and Their Classification 
by the Two Methods 

Males Females 

xl Xz u E xl Xz u E 

1312 782 F F 1373 828 F F 
1378 778 M M 1415 859 F F 
1315 801 F F 1374 833 F F 
1090 673 F F 1382 803 F F 
1377 812 F F 1575 903 F M 
1296 759 F F 1559 920 F F 
1470 856 F F 1546 914 F F 
1575 905 F M 1512 885 F F 
1717 960 M M 1400 878 M F 
1587 910 F M 1491 875 F F 
1630 902 M M 1530 910 F F 
1552 852 M M 1607 911 M M 
1595 904 M M 1589 911 F M 
1846 1013 M M 1548 907 F F 
1702 947 M M 

This implies that z will be classified as female if it lies within an 
ellipse (quadratic) and male otherwise. 

The classification probabilities can be estimated fairly accu­
rately by generating 2500 samples from the appropriate bivariate 
student distributions. This yielded a misclassification rate for 
males as 0.38 and for females 0.19 or an overall probability of 
correct classification of 0. 72. 

Finally the additional 15 male and 14 female kangaroo skull 
values were classified using both approaches in Table 9.2. The 

Table 9.3 Fraction of Kangaroos Correctly Classified for the Two Methods 

Method 

E u 
Males 

Training sample 6/10 5/10 
Future sample 9/15 7/15 

Females 
Training sample 8/10 9/10 
Future sample 11/14 12/14 
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Figure 9.2 Linear and quadratic discriminants based on training samples 
(m, f) for M. giganteus kangaroos. 
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original training samples were also classified by these methods in 
Table 9.1. A summary of the results is presented in Table 9.3. 

A graph of the two variables for the 29 kangaroos is given in 
Figure 9.2, which includes the two methods of discriminating 
based on the training samples. We note that the relative frequency 
of correctly classified kangaroos that are not in the training 
sample is 0.69 and 0.66 for the equal and unequal covariance 
cases, respectively. This is rather close to probabilities calculated 
for them, namely 0.68 and 0. 72. 

9.4 The general linear model 

9.4.1 Joint prediction of X(M) 

Consider the situation where joint prediction of M p-dimensional 
vectors is at issue x(M) = (XN+l' ... ' XN+M) where XN+i i = 
1, ... , M is a p-dimensional N(JL, I) variate. Here we can show, 
in a fashion similar to our previous work, using the matrix identity 

n(A- C)( A- C)'+ m(B- C)(B- C)' 

, nm , 
= (n + m)(D- C)(D- C)+ --(A -B)( A -B) 

n+m 

where A, B, and C are p X q matrices, n and m scalars such that 
n + m =F 0, and D = (n + m)- 1(nA + mB), that 

(27T)-pM;z K(p, N -l)I(N -l)SI<N-ll/2 lfiiP12 

K(p,N-1 +M)I(N-l)S+ (x<Ml-xe')fi(x<Ml-xe')'I<N+M l)/Z 

(9.7) 

where 0 =I+ N- 1ee' and e' = (1, ... , 1) is of dimension M. 
More generally suppose the linear model (changing notation to 

conform with the way the multivariate linear model is usually 
presented) 
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obtains, where Xi is a q X 1 vector of known covariates, f3 is a 
p X q regression matrix, and ei is a p-dimensional N(O, ~) vari­
ates where j = 1, ... , N. Further let N ~P + q and 

be of rank q, Y = (Y1, .•. , YN) and e = (e1, •.• , eN). Then in matrix 
notation 

Y= {3X +e. 

(The reader should be aware that the notation here does not 
directly conform to the one-dimensional case for univariate re­
gression of Chapter 3, Section 9 unless one here sets p = 1 and 
q = p and transposes Y, X, and {3.) 

The joint density is then written as 

~~~-N/2 
f( yJX f3 ~) = e-(l/2)trl- 1(y-{:!X)(y-,BXY. 

' ' (Z7T)pNj2 

Using 

and the algebraic identity 

(Y- f3X)(y- f3X)' = (Y- Bx)(Y- Bx)' 

+ (/3- B)XX'(/3- B)' 

where B = yX'(XX')- 1 then 

where 

A= (Y- Bx)(Y- Bx)'. 
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Now suppose that Z = (Z1, ••. , ZM) is a set of future observations 
such that 

Z=f3W+e, 

where W=(W1, ... ,WM) is qXM and e=(e1, ... ,eM) and 
e1, .•• , eM are independently distributed as before. Then the pre­
dictive density of the set Z is 

f(zly) = jf(ziW,f3,I,- 1)p(I,- 1,f3ly,X)df3di,- 1 

where 

v=(y,z), U=(X,W). 

Letting ffio = vU'(UU')- 1 it is easy to see that 

Next the algebraic identity 

(v- ffiou)(v- ffiou)' =A+·( z- ffiw) 
X [I- W'(UU') -lw] (Z- ffiw)' 

can be established. Hence, recovering the constants 

f(ziy) = (21T)-pMJZ K(p, N- q)!A i<N-q)/211- W'(UU') - 1WIP12 

-c- { K(p, N + M- q)IA + (z- f3W)[I- W'(UU')- 1W] 

X (z- J3Wt]!(N+M-q)J2}. 

Further setting 

which is bounded above by 1, and computing its moments from 
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the predictive density we find that Up,M,N-q has the same mo­
ments as a product of p independent beta variates say X1, ..• , XP 
where xj has density 

( N-q+1-j M) f xi 2 '2 CXX(N-q-1-j)/2(1 -x)(M/2)-1 O<x<1 

j = 1, ... 'p. Hence up, M, N -q is distributed as that product of beta 
variates. In particular, if we are predicting a single future observa­
tion, i.e., M = 1, then a p-dimensional predictive ellipsoid can be 
obtained from the above since 

~F(p,N-q-p+ 1) 

so that 

[ 

A , -1 A p( N- q - p + 1) - 1 l 
Pr ( Z 1 - f3W1) A ( Z1- f3W1):::;; [ 1 _ W{( UU') -1w1] Fa 

= 1 - a = Pr[ F ::5; Fa] 

(Geisser, 1965). 

9.5 The growth curve model 

In this model 

where H is a p X m known matrix of rank m < p and T is an 
unknown m X q matrix. We use 
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for the prior density. Hence the posterior density of r and I - 1 is 

Now for the set of M future vectors (Z1, ... , ZM) = Z such that 

E(Z) =HrF 

where F is a known q X M matrix, and 

then 

a II -11(N+M -p-l)/2e-(1/2)trl- 1((y, z)-HT(X,F)][(y, z)-HT(X, F)]'. 

Mter integrating out I - 1 and 7, we shall need the following 
easily proven identity: 

If Dpxq and Epx(p-q) are of ranks q and p- q, respectively, 
such that E' D = 0, a null matrix and S P xp = S' is positive definite, 
then 

s- 1 - s- 1D( D'S- 1D) - 1 D'S- 1 = E( E'SE) - 1 E'. 

This identity and further matrix manipulation will result in 

f( zly) a 1Gim 12 IU'[yy' + {z- HiF)(z- Hi F)'] U\<N+M-m)/2 

X II+ G( z- Hi F)' A - 1H( H'A - 1H) - 1 

XH'A - 1( z- Hi F) \-(N+M-q)/2 (9.8) 

where 

G = [I - F' ( CC') - 1 F] - 1 

+ ( z- yX'(XX') - 1 F] U(U'AU) - 1U'[ z- yX'(XX') - 1 F]', 
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U is any p X (p- m) matrix of rank p- m such that U'H = 0, 
C =(X, F), 

and 

(Geisser, 1970). While it is not difficult to obtain 

E(Z) =HfF 

Cov( Z) = ( N - p - 1) - 1 ( y - H f X) ( y - H f X)' ® I M 

+(N -q -m -1)H(H'A- 1H) - 1 

where 

X H' ® [ (N- p- 1) - 1(tr BX'X)IM + F'BF] 

B = (XX') - 1 + T'( U'AU) - 1T 

T= U'yH'(HH')- 1, 

and the direct product of the p X p and M X M matrices C and 
D, respectively, is 

the distribution of Z is not in a form that is readily accessible to 
the computation of a predictive region on Z. Approximating it by 
a multivariate normal random matrix with mean and covariance as 
given above may be adequate for large samples. For Z partitioned 
into two sets, say Z = (Z0 >, Z(2)) one observed and one to be 
predicted, one then would calculate from (9.5) f(z<2>lz<1>, y) (see 
Lee and Geisser, 1972, 1975). This would be useful say in the case 
of single vector where some of the components had also been 
observed and prediction was required for the unobserved compo-
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nents. For a review of Bayesian growth curve prediction see 
Geisser (1980a), and for applications see Lee and Geisser (1975). 

9.6 Discordancy testing 

In Section 9.1 we showed that 

- I -1 - p( N2- 1) 
(XN+ 1 -x)S (XN+ 1 -x)- ( ) F(p,N-p). 

N N-p 

Hence let 

be a simple diagnostic for discordancy where i(i) and s(i) are the 
sample mean and covariance matrix based on all but xi. Then a 
CPD test for Xc as the most discordant observation can be based 
on 

where Qc and Qc_ 1 are the largest and second largest observed 
values of the diagnostic Qi associated with Xc and Xc_ 1• 

For the general linear model we could let 

which has a up, 1, N -1-q distribution. Hence this results in 

where G is the distribution function of up,!, N -!-q> because here 
the smaller lf;, the more discordant Yi· 
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9.6.1 Numerical illustration using the kangaroo data 

Among all 25 male kangaroos we calculate Q;(x1, x 2 ) and we 
obtain 

Qc(1490,897) = 9.56 

Qc_ 1(1090,673) = 7.72. 

Hence using an F variate with 2 and 22 degrees of freedom, 

Prob(Qc > 9.561Qc_ 1 > 7.72) = 0.36. 

Among all 24 female kangaroos 

Qc(1112, 702) = 17.72 

Qc_ 1(1400,878) = 12.40. 

Here using an F variate with 2 and 21 degrees of freedom, 

Pr(Qc > 17.721Qc_ 1 > 12.40) = 0.11. 

It would appear that there is little or no cause for concern about 
discordancies in these data sets. 
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CHAPTER 10 

Interim analysis and 
sampling curtailment 

Many experiments consist of a series of independent observations 
on subjects or units that, for one reason or another, enter the 
experiment for treatment sporadically. Often a fixed sample size is 
agreed on as the minimum necessary to make an inference or 
decision concerning the treatment. In a frequentist context, the 
agreed-on sample size will generally depend on the power and 
size of the test of the hypothesis. This results in the application of 
a test at a certain a level. In the Bayesian context, although a 
predetermined sample size is not a determining constituent for 
computing the posterior odds of one hypothesis versus another, 
planning for the costs and the administration of an experiment 
may lead to a determination of sample size prior to embarking on 
a trial. In any event where experimental procedures are costly, it 
is of great interest for the investigator to know whether to con­
tinue testing a new treatment, drug, or therapy after partially 
completing an experiment. 

10.1 Bayesian background 

In many instances, we might assume that a laboratory or a 
regulatory agency requires that for a new therapy a minimum 
number of observations, S, must be in hand before an evaluation 
of the effectiveness of the agent is to be made. Ostensibly if 
interim analyses of the agent are to be conducted at various 

222 
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specified numbers of observations there is a complete decision 
theoretic approach that can be applied. This would require the 
following ingredients: 

1. There are two possible decisions to be made at any interim 
point, namely d1, the agent is insufficiently promising to 
continue the trial, and c, the agent is sufficiently promising to 
continue sampling. Once the minimum sample size S has 
been achieved then three decisions are available, the former 
d1 and c plus d 1; the new agent is effective. 

2. Losses are specified for correct and incorrect decisions. 
3. Costs in time andjor money are rigorously ascertainable. 
4. Appropriate prior distributions for the unknown parameters 

can be assumed or elicited. 

Assuming further a known horizon at or beyond S, for the 
sampling, the problem can be solved theoretically at least, by 
backward induction (Bellman, 1957). Numerical solutions for simi­
lar problems have been given (e.g., Lindley and Barnett, 1965). 

Aside from the possible complexity of an exact solution, experi­
menters would rather not specify the exact interim points, nor are 
costs, losses, and prior distributions readily available. It is also not 
clear who should specify the losses, the regulatory agency, the 
experimenters, or the patients being used. Hence it is not surpris­
ing that decision theoretic Bayesian sequential procedures have 
rarely if ever been implemented. 

What we shall advocate here is an informal and certainly more 
realistic approach to Bayesian interim analyses (Geisser, 1992b). 
First an interim analysis can be made at any time say at N .:5; S 
observations for testing the efficacy of the agent. For N < S we 
will only conclude whether the agent is sufficiently promising to 
continue or abandon the trial. Once S has been equalled or 
exceeded we can decide that the agent is at least as effective, or 
not as effective as some standard or still continue sampling. 

We shall assume that a prior density can be elicited or some 
noninformative one can be agreed on. Further we require that at 
S observations, the probability that a quantity reflecting the effec­
tiveness of the agent is in some set, exceeds some prescribed value 
that has taken into account losses for correct and incorrect deci­
sions. 
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10.2 The method 

We set the problem to be that a parameter or set of parameters 
() E 0 is indicative of the effectiveness of the treatment or agent if 
() E 0 1 a subset of 0. Therefore if the posterior probability is such 
that 

(10.1) 

we decide d1, i.e., the treatment is effective. Otherwise we decide 
d1, that it is ineffective or not sufficiently effective or even with­
hold the decision. 

Now suppose we stop at some unpremeditated sample size N 
for an interim analysis. At this point we shall be interested in 
whether to continue or terminate the trial. We choose an M such 
that N + M ~ S and determine what we would expect to happen if 
we continued the trial. For N + M ~ S denote, as previously, 

x<N+M) = (x<N) x ) 
' (M) 

x<N)= (Xl, ... ,XN) 

x<M) = ( xN+l• ... , xN+M). 

In light of (10.1), the decision to be made is that () E 8 1 will 
depend on T(x<N+M)). The latter could, of course, be x<N+M) 
itself. Assume T(x<N+M)) E R. If T(x<N+M)) E R1, R1 u R1 = R 
[where R1 is determined to be that region for T such that (10.1) 
holds] we decide d1• Otherwise we decide d1 or perhaps withhold 
a decision. Of course R1 can be split into R11 and R12 to reflect 
that the treatment is ineffective or still in doubt with further 
sampling a possibility. We assume that x<N) = x<N) has been 
observed and that we can calculate the predictive distribution 
function 

It is clear conceptually that we can now calculate the conditional 
predictive distribution of T, Fr(tix<N)) and subsequently require 
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that 

where X(M) is random. On the one hand, if P is small, a 
continuation of the experiment is highly unlikely to lead to d 1 and 
we may very well decide to abandon the experiment. On the other 
hand, if P is sufficiently large we are encouraged to continue the 
experiment. In other instances a prescribed sample size S may 
yield an equivocal inference, e.g., there appears to be some 
tendency for the new therapy to yield a better result than the 
standard but the posterior odds have not reached a required 
value. In such a case one might want to determine the probability 
of at least attaining the required posterior odds for each of 
various additional sample sizes. 

10.3 Predictive applications to parametric testing 

Here we give a series of examples applying the previous ideas to 
the testing of parameters that would reflect a normative evalua­
tion in regard to meaningful functions of future observations such 
as the average or a proportion of a very large number of them. 

Example 10.1. Suppose we have a series of binary variates 
X1, X 2 , ••• that are independent conditional on (} = Pr(X; = 1) = 

1- Pr(X; = 0) where X;= 1 is a successful outcome of therapy 
and X; = 0 is a failure. 

Suppose a fixed sample size experiment of size N + M is used 
to test the hypothesis 8 > a ~ 0. Let us assume the following 
criterion; if Y = L:f+Mxi ~A the agent is to be declared effective. 
Suppose the experiment was performed sequentially and we had 
N observations already in hand and we wanted to decide whether 
it was worthwhile going on until the end of the trial noting that t 
out of N were successes. We could compute, for the given Nand 
t, the predictive probability of S successes in N + M trials or 
equivalently R successes the next M trials 

P= Pr[Y~AIN +M,t] = Pr[t +R ~AIM,t] 
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or since t is already known 

P = Pr[R ;;:::A- tiM, t]. 

We can calculate the above quantity, for example, if (} is assumed 
uniformly distributed a priori to be 

P = Pr[ R ~A - t] 

~ ( t + r) ( N + M - t - r) /( N + M + 1 ) 
r~A-t t N-t N+1 

1 
0 

if A~ t 

if A~ t 
if N- t 

>N+M-A. 
(10.2) 

Now this is the probability that the goal will be reached by the end 
of the trial. If this is small enough, clearly there is not much point 
in continuing the trial. 

If (} is assumed to have a beta prior density p(O) a oa- 1(1-
0)b-1, then the summation on the r.h.s. of (10.2) is replaced by 

M (M)f(r+t+a)f(N+M-r-t+b)f(N+b+a) 

r~~-t r f(N+M+a+b)f(t+a)f(N+b-t) 

if A;;::: t. 

If the trial consists of a standard and a new treatment and for 
N1 + M1 trials on the standard and N2 + M 2 on the new treatment 
there may be various values for (Y1, Y2) that indicate a new 
treatment superior to the standard, where Y1 and Y2 are the final 
number of successes if the trial were carried to completion. Since 
for any given pair (N1, N 2 ) we have (Y1 = t 1 + R 1, Y2 = t 2 + R 2), 

we could calculate the predictive distribution for R 1 and R 2 given 
(N1, t 1) and (N2 , t 2 ) given priors for 0 1 and 0 2 • We then suppose 
that the criterion for the new agent to be better than the standard 
will require that (Y1, Y2) E B5 , which could imply (R1, R 2) E BR 
say. We would then calculate the probability of (R1, R 2 ) E BR to 
aid in ascertaining the worth of continuing the trial to its conclu­
sion. Of course a determination to continue the trial to its 
conclusion will usually depend on other factors as well. 
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Numerical illustration of Example 10.1. Candidates A and Bare 
running for the office of Mayor. A poll of 80 voters is to be taken. 
The first 75 votes tallied were 38 to 37 in favor of candidate A. If 
the entire poll of 80 were taken, what is the predictive probability 
that candidate A will win the poll and also be the eventual 
winner? Assuming a uniform prior, the probability that A wins the 
poll is 

[ 
75 80 ] 

Pr LX;+ LX;~ 41 = 0.5119. 
1 76 

The probability that A will be the eventual winner of the election 
assuming the total number of voters is very large is 

lim [YJ(N+M) >0.5] =Pr[8>0.s1Ex;=38] 
M~oo 1 

1 ()38(1-8)37 
= 1 ( 3 ) d() = 0.5066. 

o.5 B 39, 8 

Example 10.2. Suppose X 1, ... , XN, XN+l' ... , XN+M are inde­
pendently and identically distributed as N(J.L, 1). Suppose that we 
wish to test H 0 : J.L ~a vs. H 1: J.L >a. Assume a prior for J.L, p(J.L) 
that leads to 

We then suppose that we will decide that J.L ~a if and only if 

for some arbitrarily specified p. 
Now for the sake of an example assume that p(J.L) a const., so 

that the posterior distribution of J.L is N(xN+M' lj(N + M)). Then 

( 
a-xN+M ) Pr(J.L ~ aix<N+Ml) =<I> ~P 

,j1j(N +M) 
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or 

or 

Now if we have already observed X1, ••• , XN then we can 
compute for fixed iN and future X M 

P=PrX < - --x. [
- a(N+M) (N+M) 112<1>- 1(p) N -] 
M- M M M N 

Since the predictive distribution of XM is N(iN,(ljM) + (ljN)) 
then 

Clearly for fixed values a, N, M, and p, P increases monotoni­
cally with decreasing iN· Note also that, irrespective of p, 

lim P = <1>[ N 112 ( a- iN)] = Pr[JL ::5: aix<N)]. 
M->oo 

Example 10.3. Suppose now X 1, •.. , XN, XN+t• ... , XN+M are 
independently and identically distributed as 

f(x) =8e-£Jx. 

Assume that we wish to test H 0 : 8::5: a versus H 1: 8 >a. We 
assume a prior density p(fJ) for 8, and decide that 8 ::5: a if 

Pr( 8 ::5: aix<N+M)) ~p. 

Suppose we assume that p(fJ) a 8- 1 so that the posterior distribu­
tion of 28(N + M)iN+M is a x?N+ZM variate. Hence we require 
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that 

where F( ·) is the distribution function of a XIN+ZM variate. 
Further 

2a(N + M)iN+M ~ p- 1(p) 

1 
MiM~ 2aF-l(p) -N:XN. 

Now if we stopped after the first N observations we can calculate 
the predictive probability 

It is easy to show that the predictive distribution of 

where Y is an F-variate with 2M and 2N degrees of freedom. 
Hence 

where F2M,zN(y) is the distribution function of Y. Further, for 
any p E (0, 1) 

lim P = Pr[ 0 s aix<N)] 
M->oo 

the posterior probability after observing x<N)_ 
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Example 10.4. Suppose a random sample from a Poisson distri­
bution is to be taken where 

X =0,1, .... 

For a test H 0 : A> a versus H 1: A.::; a, we decide that A.::; a if and 
only if 

Pr(A .::;aix<N+M>) ~p. 

If we assume that p(A) a A -l, then for 

N+M 
y= E xi=yN+YM 

i=l 

AY-\N+M)Y e-<N+M)A 
p(Aiy)= (y- 1)! , A >0, y>O. 

Hence 2(N + M)A is a x 2 variate with 2 y degrees of freedom, 
and 

Pr[A.::;aly]=F2 y[2(N+M)a] ~p 

with F 2Y the distribution function of a x 2 with 2y degrees of 
freedom. Further 

2(N +M)a ~Fi/(p). 

Then after observing y N we need to calculate 

using the distribution of YM = I:Z!fXi conditional on YN· 
Now the predictive probability function of YM given YN is 

easily obtained as a negative binomial where 

( )( 
M 

)t( N )YN YN + t- 1 
Pr[YM=tlyN] = -- --

t M+N M+N 

for t = 0, 1. ... 
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Further, the actual computation 

is more easily accomplished by finding the largest value of y 

which satisfies 

say Ya· Then we calculate 

Further it can also be shown that 

irrespective of p. 

Numerical illustration of Examples 10.3 and 10.4. Requests for 
assistance by a towing serviee are assumed to follow a Poisson 
process with rate A per minute. In a period of 30 minutes 20 
requests are received. Suppose we wish to test, for a = i, 

and will decide in favor of H 1 if at the end of N + M =51 
minutes of observation 

Pr[ A< iJx<N+M)] ~ 0.95. 

After 30 minutes of observation we note that 2(N + M)a = 51, so 
that 

Pr[ xi6 ;S; 51] = 0.95 

and 2ya = 36 or Ya = 18 < 20 = y30 , therefore P = 0. 
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On the other hand as before if it took 30 minutes to receive 20 
requests for assistance and we want to test the above hypothesis 
by continuing observation until 14 additional requests are made, 
then N = 20, Efx;, = 30, M = 14, and 

[ 
p- 1(0.95) 10 l 

P= 1-F28 40 -- = 0.0016. 
' 21 7 

which is quantitatively larger than before even though we expect 
the extra 14 requests to take 21 minutes. 

Example 10.5. Let X;, i = 1, ... , N + M be independently and 
identically distributed as N(JL, u 2). For a test of u 2 <a versus 
u 2 ;;::: a we decide that u 2 ;;::: a if 

In particular, let 

2 1 
P(JL,u ) a 2· 

(}' 

Then the posterior distribution of vs'fv+Mju 2 is x?; for v = N + 
M -1, where 

N+M 
vs'fv+M L (x;-iN+M) 2 and 

N+M 
(N +M)iN+M= L X;. 

Hence 

P ( 2 I (N+M)) p N+M N+M ( 
JJS2 vs2 ) 

r u ;;;::ax = --2-::;;---
u a 

= Fv( vs:+M) 

where Fv is the distribution function of a x?; variate. Now for 
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Since 

where 

and 

N 

(N-l)s~= l:(x;-.XN) 2, 
1 

N+M 
(M-l)sit= L (x;-.XM) 2 

N+l 

we can, after observing x<N>, calculate 

P= Pr[(N -l)s~ + Y + N:MM ( XM-xN ) 2 ~ aFv- 1(p)] 

= Pr[ Y + N:MM( XM -iN ) 2 ~ aFv-\P)- (N- l)s~] 

233 

where Y is the random variable representing the unobserved 
(M- l)sit. Hence in order to evaluate the above we must calcu­
late the joint predictive distribution of Y and XM given x<N>. First 
we note for N > 1 

where z = (N- l)s~. Setting XM =X, the predictive density of X 
andY is 
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where for M > 1 

..fM e-(Mj2u2Xx-1£)2y((M-l)/2]-l e-zj2u2 

f(x,ylp,,u) = u&2<M-l)/2f[(M-1)/2]uM-t . 

Since 

M(x- p,)2 +N(xN- p,) 2 

2 NM 2 
=(N+M)(p,-w) + N+M(x-xN) 

where (N + M)w = N:iN + Mx, integration with respect to JL and 
u yield for M > 1 

f(x, yix<N>) 

JMNr[( M + N- 1)/2] z(N-l)f2y(M-3)j2 

JM +Nf{1/2)r[(N -1)/2]r[(M -1)/2] 

[ 
NM ] -(M+N-0/2 

x z+y+--(x-xN)2 . 
N+M 

(10.3) 

Now we need to calculate 

or 

p = Pr( (N- 1) [ Y + [NMj(N + M)](X -iN )2
] 

Mz 

> a(N- 1)Fv- 1(p) _ N -1) 
- Mz M . 

From the joint predictive density of X and Y we can easily show 
that 

(N -1){Y + [NMj(N +M)](X -iN)2} 

Mz 
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is an F-variate with M and N-1 degrees of freedom. Hence 

It can easily be shown that the above holds for M = 1 as well. 
Again for any p E (0, 1) 

lim P=Pr[u 2 ~aix<N)]. 
M->oo 

Example 10.6. Under the same circumstances as in the previous 
example suppose we wish to test JL.::; a versus JL >a. Now the 
posterior density of 

is t with v = N + M- 1 degrees of freedom. Hence we decide on 
JL .::; a if 

where Sv( ·) is the distribution function of t with v degrees of 
freedom. Taking the inverse function we obtain 

(a -iN+M)VN +M _ 1 
------~Sv (p). 

SN+M 

Mter observing x<N) we need to calculate 

P= 

{ 

N- MX } (a-____!.!!___--- )(N + M)112(N + M -1) 1/ 2 

P N+M N+M >S-1( ) 
r 112 - v P ' 

( NM 2) z+Y+--(X-iN) 
N+M 

where the random variable on the left within the bracket is a 
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function of X and Y whose joint density was previously given by 
(10.3). However the requisite random variable is not of a standard 
form and its exact distribution requires tabling. 

As an approximation for P when N is sufficiently large let 

Then calculate 

or 

( 
(xN-X)..fMN 

=Pr 
sN..fN+M 

"(~f'[s;'(p) + _(N_+_M_)~-:-(x_-N_-_a_) ]) 

This result may easily be extended to the case of a conjugate 
prior distribution for JL and u 2• It essentially entails a modifica­
tion of iN, sN, sN+M and the degrees of freedom of the student 
distribution in the formula for P. 

Example 10.7. Consider a standard and a new treatment or 
more generally samples from two populations, each to have been 
tested on N subjects. Assume xl, ... ' XN, ... and Yl, ... 'l':.V ... 
are independently distributed as N(JL, u 2 ) and N( 77, u 2 ), respec­
tively. Further, to simplify matters, assume u 2 is known and the 
prior density p(JL, 71) is constant. 
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Now let 8 = TJ - J.L and for some prescribed 8 > 0, consider 
testing the hypotheses 

The posterior distribution of (} for n observations on each is 

( 2u 2 
) N y - x, -----;;- , 

where ni = L.'j= 1xi and ny = L.'j= 1 yi. Hence, a posteriori, 

(y-x-8) 
Pr ( 8 ~ 81 y - x) = <I> {27n , 

u 2/n 

where <I> is the standard normal distribution function. Now sup­
pose we would conclude that the new treatment was superior to 
the standard by 8 units or more if for n = N + M observations at 
each of the standard and the new treatment, 

[ 
(Y -i- 8)(N + M) 112 ] 

<I> ufi ~p, 

for some prescribed p > 0. 
For n =N+M, 

and a similar expression holds for y. Then 

now given we have only observed iN and YN, we can now 
calculate 
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for fixed y N - x N and random (Y M -X M ), where <I> -l( p) is the 
inverse function of <I>. 

Hence 

P = Pr[ M(YM -XM) ~ <l>- 1(p)(n/2(N + M) 

-N(yN-xN) + (N +M)8]. 

Now the predictive distribution of 

- - [ 2 ( 1 1 )] Y: -X - N y- - x 2u - +-
M M N N• M N 

so that 

(10.4) 

The above can now be computed for any M to help determine 
whether it is worthwhile to continue the experiment. Note also 
that as M increases 

independent of p E (0, 1). Of course this is the probability of H 0 

after N observations on both groups are in hand essentially with 
probability 1. This is a very simple and easily computable example. 
If the variance were unknown the exact calculation would be 
considerably more difficult. But for a reasonable sample size N 
the following substitutions should be adquate: The pooled sample 
variance 

for u 2 ; SzJ+zM_z(p) for <l>- 1(p) and s2N_z(.) for <I>(.) in (10.4), 
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where Sv( ·) represents the distribution function of a student "t" 
with v degrees of freedom. The extension to samples of unequal 
interim and final size i.e. N1 and N2 and M1 and M 2 can easily be 
made. 

Numerical illustration of Example 10.7. In a hospital unit that 
contains 60 beds a random sample of 60 women between 50 and 
60 years of age was chosen to test a new soporific drug versus a 
placebo. The drug Y was given to 30 of the women chosen at 
random from the 60 and the rest received the placebo X. Average 
sleep time per day over a week was recorded for each woman. 
Sleep time in hours was assumed to be normally distributed with 
the same variance for each group. The data for the two agents are 

i3o = 6.4, 

and the hypothesis to be tested was 

We note that after observing the 60 women 

We assume that a regulatory agency requires that before a drug is 
deemed potentially effective the posterior probability of (} ~ 1 
must be at least 0.9 and that the drug has been tested on at least 
50 individuals both for the placebo and the drug. The predictive 
probability that the new drug will be deemed effective if another 
20 or 30 women were placed on each of the two agents is 
calculated to be 0.60 for M = 20 and 0.64 for M = 30. For this 
example we have also graphed P for various values of M and 
p = 0.8, 0.9, and 0:95 (Fig. 10.1). 

Example 10.3 (continued). Under the previous assumptions we 
take up the problem of censored observations where the censoring 
does not depend on 8. After an interim sample of size Nat some 
given time x 1, •.. , xd are fully observed and the rest xd+l' ... , xN 
are censored in the sense of being lost to follow-up at or prior to 
the interim assessment. Now 2fJ(N + M)i N + M is distributed 
a posteriori as a xid+Zk variate where L:f+Mx; = (N + M).XN+M 
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and k is the number of uncensored observations out of M future 
observations. To decide that (}:::;a, we require the occurrence of 
the event 

where F( ·) is the distribution function of a xid+Zk variate. This 
implies that, for the future values XN+I• ... , XN+M we need to 
calculate the probability of A, which is for fixed k 

Now the predictive distribution of XM given iN is such that 

MXM NxN 
----Y 

2k 2d 

where Y is an F-variate with 2k and 2d degrees of freedom. 
Therefore 

(
dF- 1(p) d) 

P( Aik) = 1 - F2k zd 2 k _ - -
· a NxN k 

if k were known. However, k, the number of future uncensored 
values, can be taken into account in a variety of ways. We can 
simply assume that the future experiment will not be concluded 
until k = M, or some other value k 0 • An alternative is to let the 
number of future uncensored values be a random variable K with 
Pr[K = k], k = 0, 1, ... , M depending on the censoring mechanism 
assumed for the future experiment of size M. For example we can 
set Pr(K = k 0 ) = 1 indicating a future experiment that would 
terminate as soon as k 0 values had failed. A more likely scenario 
is that the future experiment would be censored after a given 
value x0 had been achieved, especially if we were dealing with 
future survival times, thus requiring the calculation of Pr[K = 

klx 0 ]. In such a case we then would calculate 

M 

P= 1- E Pr[K=klx0 ]Ik,xo 
k~O 



242 AN A L Y S I S AN D S AM P L I N G C U R T A I L M E NT 

where 

0 

1 

1 
if (M- k)x0 ~ Za Fij}+d)(p)- NxN 

1 
if k = 0 and Mx 0 < -FiJ(p)- NxN 

2a 

F --[dF- 1(p) dl 
Zk,Zd 2akNxN k 

In this case 

Pr[K=k!x0 ,0] = ( ~)(e- 1ixo)M-k(l-e-llxo)k 

Pr[K=k!x0 ] = jp(O!x<N>)Pr[K=k!x0 ,0] dO 

= ( ~) ( Nx N) d jtO ( - 1) j ( ~ ) 
x[NxN+(M-j)x0 ]-d. 

The situation can be more complex than this since at the interim 
analysis there may be censored obsetvations that are not lost to 
follow-up but can continue to be obsetved. This requires that the 
initial censored obsetvations be partitioned such that 
xd+l, ... , xd+t are lost to follow-up prior to the interim analysis 
and xd+l+ 1, ... ,xN are censored at the time of the interim 
analysis. Although the latter were all censored at the same time 
their values may be different if they were treated or put on test at 
different times. We now assume that M further obsetvations will 
be taken and that among these k, i.e., xN+l' ... , xN+k will be fully 
obsetved at the end of the experiment while the rest 
xN+k+ 1, ... ,xN+M will be censored, i.e., some lost to follow-up 
and others still sutviving. Now out of the N- d -I obsetvations, 
xd+t+ 1, ... ,xN that have sutvived up to the interim analysis twill 
have been fully obsetved (failed) and N - d - l - t will still have 
sutvived by the end of the entire experiment. Hence it is easily 
shown that the posterior distribution of 20~f+Mxi is xid+Zk+zr· 
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Now at the end of the experiment we will decide for H 0 if the 
event 

holds or if 

( 
N+M ) 

F 2a ~ X; ~p, 

or 
N+M 1 
L X;~ -2 p- 1(P) 
1 a 

(10.5) 

where F is the distribution function of a xid+Zk+ 21 variate and 
F- 1(p) is the inverse function of F. 

For i = d + l + 1, ... , N, let X;- X;= Y;, where X; is the cen­
sored value, i.e., the value at the time of the interim analysis. 
Because of the memoryless property of the exponential distribu­
tion Y; has the original exponential distribution. Hence from 
(10.5) we obtain for future random variables 

N+M N 1 N 

L X;+ L Y; ~ 2F-\p)- L:x,. 
i=N+1 i=d+/+1 a 

(10.6) 

Since the predictive distribution of 

(10.7) 

is easily found to be an F-variate with 2k + 2t and 2d degrees of 
freedom, we calculate, for k + t ~ 1, the probability P that contin­
uing the experiment will lead to acceptance of H 0 • The result is 

Pr[ NEM X;+ E Y; ~ -}-F-\p)- Ex;] 
i=N+l i=d+/+1 a 1 

=1-Fz<k+tJ,2d[ dF-!(p~ - k:t] (10.8) 

2a(k + t) LX; 
1 
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where F2(k+t),zi ·) is the distribution function of the F-variate. 
The result above presupposes that the future experiment will 
terminate when one achieves exactly k and t failures. However, 
the more likely scenario is that the trial will terminate at a given 
time x 0 , say. Now the future number of uncensored values k and 
t are random variables depending on the time x 0 • However (10.8) 
depends only on the sum k + t = r, i.e., it is the conditional 
predictive probability of A given r. Let K and T stand for the 
random variables, which are observed as k and t. Then for 
R = K + T and J = M + N- d - l 

Then 

Hence we calculate the unconditional predictive probability of A 
denoted as 

J 

Px0 ,M = L P( Air, x0 )Pr( R = rlx0 ) 

r~O 

where 

P(Air,x0 ) = 1-l,,x0 

1 _ {1 
O,x)- O 

1 N 
if Jx 0 < -Fi)(p)- LX; 

2a 1 

otherwise 
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and, for r;::: 1, 

[ 
dFiJ)+d)(p) _ ~] 

Fzr.2d N r 

2arEx; 

if (J- r)x0 

1 N 
1 < -2 Fi((+d)(P)- LX; 

a 1 
0 otherwise, 

and Fv-t is the inverse function of the x?: distribution. 
If a conjugate prior on (), namely 

were used, then we would merely substitute 8 + d for d, Ix; + y 
for Ix; and F- 1(p) is now the inverse function of a X~d+ll+r) 
distribution in all the previous results. 

Numerical illustration of Example 10.3 (continued). Suppose in 
the personnel carrier illustration of Example 3.7 it was learned 
that the vehicle with 508 miles was in an accident irrelevant to 
testing and thus was lost to followup. Also we assume that the two 
vehicles with 2358 and 2880 miles, respectively, did not actually 
fail but were censored at those values. The acceptance of this type 
of vehicle depends, say, on testing at least 25 vehicles and assert­
ing, for 1 I a = 950, 

Pr[ ~ > 950ix(n)] :2::0.9. (10.10) 

Now at the interim point N = 19, d = 2, l = 1, I:~~ 1 x; = 18,947 
and assuming y = 0, 

Pr[ ~ > 950ix<19)] = 0.841. 

We now compute the chance that (10.10) is true if we put M 
additional vehicles on test and terminated testing future vehicles 
when they either fail or attain x0 = 3000 miles, whichever comes 
first. The results obtained are 0.502, 0.565, 0.609 for M = 10, 20, 
and 30, respectively. In Figure 10.2, there are graphs of P for 
M = 10, 20, 30, and oo for varying values of 1ja up to 2500. 
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Example 10.8. Suppose X; i = 1, ... , n are independently 
N(J.L I) where I is known. Let 

H 0 : J.L E Q0 vs. H 1: J.L $. Q0 

Qo = {~c (J.L- J.Lo)'I -t(J.L- J.Lo):::;; to} 

for a given t 0 > 0. Then we will decide for H 0 if 

where say p(J.L) a canst. so that 

J.L -N(i,(1/n)I). 

Now 

a noncentral chi-squared variate with noncentrality parameter 

Assume we want to conduct an interim analysis at N to provide 
guidance on whether to continue the experiment. Hence setting 
n = N + M we need to calculate 

Now 

MXM+NxN 
i=-----

N+M 

and setting X M = Y, iN = x, and G( ·I A) as the distribution func­
tion of the noncentral x;(A) 

P=Pr{G((N+M)t0IA] ~p}. (10.11) 
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Now 

and hence 

M 
A= A(Y, x)- Nxk(P) 

where 

Further, it can be shown that 1 - G[(N + M)t0 IA] is increasing in 
A. Therefore the calculation of P involves calculating the mini­
mum value of A, say A0 , such that 1 - G[(N + M)t0 IA] 5.p and 
then 

P= Pr(A > A0 ) 

from the noncentral chi-squared distribution of A. 
Further, when ~ is unknown and the usual p(JL, ~ -l) a 

l~l(p+l)/Z is used, we have the more complex situation where Vis 
distributed as a weighted sum of an infinite number of x2 variates 
with negative binomial weights (Geisser, 1967). This is similar to a 
noncentral chi-square variate that has Poisson weights. However, 
the monotonicity property in p still holds. Further, if we estimate 
the sample covariance matrix SN+M by the now fixed SN, as in the 
univariate case, it can be shown that p is distributed as a weighted 
sum of an infinite number of beta variates with negative binomial 
weights (Geisser and Johnson, 1993a). Hence the same type of 
approximate analysis can be carried out with these two distribu­
tions. This can be extended to a comparison of two populations 
and also be useful in determining whether further sampling will 
improve error rates in problems of classification ( Geisser and 
Johnson, 1993b). 

Perhaps an even more interesting H 0 is where the region is 
such that each component of JL, say JL; ~a;. In this situation, 
simulation procedures are necessary for the computation of the 
requisite integrals. 
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10.4 Applications to predictive hypotheses 

The same idea can be used for a future observable. Suppose Z is 
a future observable and we wish to decide whether Pr(Z E R) :2::.p, 
where R is some defined region. Of course, as before, a Bayesian 
can stop any time during sampling, say after N observations and 
calculate Pr(Z E Rix<Nl). However, it is of some interest to make 
calculations of the sort 

Pr[Pr{ZERix<N+M)) :2::.p] =P 

after observing x<Nl. 
We shall illustrate this with two cases. Assume Xi- N(p.,, 1) 

i = 1, ... , N + M. The issue here could be to determine whether 
Pr(Z >a) :2::.p. A way of considering this is to determine whether 

Pr{ Z > aix<N+M)) =<I> a - x N+M :2::. . (( - ){N+M)1/2) 

{N+M+1)112 p 

Hence after N observations are in hand we can calculate 

[
(a -X)(N +M) 112 l 

P=Pr :2::.<1>- 1(p)ix<N) 
(N +M + 1) 112 ' 

where the random variable 

for fixed iN and random XM. This is easily obtained as 

p = <I> ( ( : ) 1/2 [ ( N + M) 1/2 ( ai N) - ( N + M + 1) 1/2 <I>- 1 ( p)] ) . 

Again if P is large enough to suit one's purpose it may be 
worthwhile to continue sampling. Note also that if one sampled 
without end, then 

lim P = <I> [ v'N ( a - x N) - v'N <I>- 1 ( p)] . 
M-->oo 
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Now this calculation depends on p, which was not the case for the 
parametric hypothesis on J.L. Here if p ~ 1, P ~ 0, and if p ~ 0, 
P ~ 1 as expected. In the even odds case p = 1/2, P will be less 
than or greater than 1/2 as a -.X is positive or negative. 

The case u 2 is unknown will follow as well using the noninfor­
mative prior as before. Here we obtain 

and now 

Using the approximation as in the parametric case we obtain 

p,;. SN_,( ( ~ r[ (N + M)::( a -iN) 

-s;'(p)/N + M +I]). 
Further 

For a sample of size N + M from the exponential distribution 
the predictive distribution of Z is 

where G( ·) is the distribution function of an F variate with 2 and 
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2(N + M) degrees of freedom. Now we calculate 

[ ( a( N + M) ) l P = Pr G _ ;;::.p 
NxN+MXM 

where H( ·) is the distribution function of an F variate with 2M 
and 2N degrees of freedom. Further 

where Hoo represents the distribution function of 2N times the 
reciprocal of a xiN variate and Goo the distribution function of 
{lj2)xi random variate. 
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