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Current airframe healthmonitoring generally relies on deterministic physics models and ground inspections. This

paper uses the concept of a dynamic Bayesian network to build a versatile probabilistic model for diagnosis and

prognosis in order to realize the digital twin vision, and it illustrates the proposed method by an aircraft wing fatigue

crack growth example. The dynamic Bayesian network integrates physicsmodels and various aleatory (random) and

epistemic (lack of knowledge) uncertainty sources in crack growth prediction. In diagnosis, the dynamic Bayesian

network is used to track the evolution of the time-dependent variables and calibrate the time-independent variables;

in prognosis, the dynamic Bayesian network is used for probabilistic prediction of crack growth in the future. This

paper also proposes a modification to the dynamic Bayesian network structure, which does not affect the diagnosis

results but reduces the time cost significantly by avoiding Bayesian updating with load data. By using a particle filter

as the Bayesian inference algorithm for the dynamic Bayesian network, the proposed approach handles both discrete

and continuous variables of various distribution types, aswell as nonlinear relationships betweennodes.Challenges in

implementing the particle filter in the dynamic Bayesian network, where 1) both dynamic and static nodes exist and

2) a state variable may have parent nodes across two adjacent networks, are also resolved.

Nomenclature

a = crack length after current time step
aobs = crack length observation
a0 = crack length before current time step
B = bolt looseness
Fp = shape factor in the plastic zone
M = elastic/plastic zone
P = load
Pobs = load observation
Si = first-order sensitivity index
STi = total effect sensitivity index
t = time step/cycle
Xt = state variable in time step t
YA = anchor point position
Zt = measurement variable in time step t
Δa = crack growth in current time step
ΔK = stress intensity factor range
ΔS = stress range
θ = geometric and material properties
ω = weight term in particle filter

I. Introduction

I NDECIDINGwhether an aircraft is capable of safely performing
an upcoming mission, a structural health monitoring (SHM)

system is desired to provide the decision maker with the information
on damage state of the aircraft, such as the crack length on thewing or
the reliability of a replaceable unit. Information based on fleet

statistics is not useful in assessing the health and capability of a
particular aircraft because the damage state varies from aircraft to
aircraft due to the variability in manufacturing, material properties,
mission history, pilot variability, etc. The data collected in [1]
revealed that, at the same operational hours, some aircraft had twice
the fatigue damage rate compared to other aircraft. In summary, a
SHM system tailored to each individual aircraft is desirable.
One example of an individualized SHM system is the individual

aircraft tracking (IAT) program [2] to track the potential fatigue
damage in the major airframe structural components such as the
wing. A typical IAT program for the F-16 [3] uses the recorded load
history to predict the crack growth and estimate the crack severity
index (CSI); then, a comparison between the resultant CSI and a
baseline condition will classify the aircraft health into three damage
severity levels. The U.S. Air Force has been investigating the
extension of IAT to realize the digital twin concept [4] in order to fuse
multiple heterogeneous sources of information frommodels and data
to support proactive fleet sustainment decisions. The current IAT
system mainly focuses on the variation of load history; other
uncertainty sources such as the epistemic uncertainty regarding the
true values of geometric or material properties are not considered.
(Epistemic uncertainty is caused by lack of knowledge and is
reducible, whereas aleatory uncertainty is an irreducible natural
variability.) A more comprehensive IAT program integrating various
uncertainty sources in crack growth prediction is desirable [5] in
order to avoid over- or underestimating the damage prognosis and
achieve abalanceddecisionmakingbyconsidering safety, performance,
and budget.
Therefore, this paper aims to develop a powerful approach for

building a probabilistic and prognostic individual aircraft tracking
(P2IAT) model. The parameters of the P2IAT model depend on the
physics models and collected data that are related to the system of
interest [6]. Without loss of generality, this paper takes the crack
growth on the leading edge of an aircraft wing as an example, as
shown in Fig. 1; but, the underlying concepts can be extended to other
airframe structural components or the entire airframe. As explained
earlier, this P2IATmodel is supposed to integrate various uncertainty
sources over the entire life of aircraft wing. In addition, the P2IAT is
also desired to achieve the following objectives:
1) Integrate heterogeneous information including test data,

mathematical models, expert opinions, etc.

Received 16 March 2016; revision received 18 July 2016; accepted for
publication 3 August 2016; published online 13 January 2017. Copyright ©
2016 by the American Institute of Aeronautics and Astronautics, Inc. All
rights reserved. All requests for copying and permission to reprint should be
submitted to CCC at www.copyright.com; employ the ISSN 0001-1452
(print) or 1533-385X (online) to initiate your request. See also AIAA Rights
and Permissions www.aiaa.org/randp.

*Department of Civil and Environmental Engineering.
†Department of Civil and Environmental Engineering; sankaran.

mahadevan@vanderbilt.edu (Corresponding Author).
‡Mechanical Engineer; You.Ling@ge.com.
§Senior Engineer; sbut001@gmail.com.
¶Manager of Probabilistics Lab; wangli@ge.com.

Article in Advance / 1

AIAA JOURNAL

D
ow

nl
oa

de
d 

by
 U

N
IV

 O
F 

C
A

L
IF

O
R

N
IA

 S
A

N
 D

IE
G

O
 o

n 
Ja

nu
ar

y 
19

, 2
01

7 
| h

ttp
://

ar
c.

ai
aa

.o
rg

 | 
D

O
I:

 1
0.

25
14

/1
.J

05
52

01
 

http://dx.doi.org/10.2514/1.J055201
www.copyright.com
www.copyright.com
www.copyright.com
www.aiaa.org/randp
http://crossmark.crossref.org/dialog/?doi=10.2514%2F1.J055201&domain=pdf&date_stamp=2017-01-12


2) Fly virtually through the same load history as the actual
aircraft wing.
3) Reduce the uncertainty in model parameters and track the time-

dependent system states using measurement data, i.e., diagnosis.
4) Predict the evolution of damage states if no data are available,

i.e., prognosis. An introduction to diagnosis and prognosis can be
found in [7].
The concept of Bayesian networks (BNs) is a promising approach to

integrate various uncertainty sources and heterogeneous information.
In a Bayesian network, random variables are denoted by nodes
(vertices) and their dependence relationships are denoted by directed
edges; thus, the Bayesian network constitutes a directed acyclic graph
to represent the joint distribution of a set of random variables.
Regarding various uncertainty sources, the Bayesian network allows
different types of random variables, including discrete and continuous
variables of different distribution types. Regarding heterogeneous
information, the Bayesian network is able to incorporate operational
data, laboratory data, reliability data, expert opinion, andmathematical
models (physics-based as well as empirical) [8].
The BN explained previously refers to a “static”Bayesian network

for a time-independent system. To track a time-dependent system for
which the states evolve over time, the Bayesian network is extended
to a dynamic Bayesian network (DBN), which can be considered as a
series of static BNs (one for each time step), with additional edges
connecting the variables in adjacent time steps. Based on theMarkov
assumption, the states of the current BN depend only on the BN at the
previous time step, and this dependence is generally assumed to be
independent of the time instant [9]. The ability to track system
evolution over time makes the DBN a suitable methodology to build
the P2IAT model for diagnosis and prognosis of the aircraft wing.
When data of any child node are obtained, the Bayesian network is

updated by Bayesian inference; thus, the uncertainty in the state
variables can be reduced. Bayesian inference algorithms for theDBN
have been developed in the literature, including the Kalman filter
[10], extended Kalman filter [10,11], unscented Kalman filter [12–
14], and particle filter [15,16]. The Kalman filter gives exact and
analytical updating results [10] for a linear Gaussian DBN, which
means the following:
1) The state function and themeasurement function are both linear.
2) State variables have a joint Gaussian distribution.
3) All the noise terms are assumed to be independent zero mean

Gaussian variables.
If the state function and/or the measurement function are

nonlinear, the extendedKalman filter linearizes these functions to the
first order, and it gives analytical updating results. The extended
Kalman filter requires analytical derivatives to construct the Jacobian
matrix, which is not trivial in most applications [12]. In addition, the
linearization to the first order may bring high errors in the case of a
highly nonlinear system.Detailed discussion on the inaccuracy of the
extended Kalman filter can be found in section 2.5 of [17].
Another method to handle the nonlinear relationships in the DBN

is the unscented Kalman filter. Both the Kalman filter and extended
Kalman filter are purely analytical. In contrast, the unscentedKalman
filter uses themethod of unscented transform to select several sample
points, and it propagates them through the nonlinear functions.

The propagation is used to derive analytical updating results with
accuracy to the third order, and the computation of the Jacobian
matrix is not required [18]. However, the unscentedKalman filter can
encounter ill-conditioning problems in the covariance matrix [18].
Although the extended Kalman filter and unscented Kalman filter

provide solutions to the nonlinear DBN, they still assume that all the
state variables areGaussian.Due to this limitation, this paper does not
select them to solve the problem of interest, which includes discrete
variables. A new development on the Kalman filter is to combine the
unscented Kalman filter with a particle filter (named the unscented
particle filter) [19]. However, this method cannot handle discrete
variables either.
The main motivation of this paper is to develop a diagnosis- and

prognosis-framework-based DBN that considers 1) both discrete
and continuous variables; 2) different distribution types; and
3) linear/nonlinear functional relationships. In contrast to the class
of the Kalman filter, the particle filter (PF) is a sampling-based
algorithm, where a particle is sampled from the joint distribution of
the BN at one time step. The PF is a generic algorithm and fulfills the
aforementioned requirements [18,20–22], thus, this paper chooses
the PF as the Bayesian inference algorithm for the DBN. Two
challenges in the PF are 1) degeneracy, meaning that all but one
particle have negligibleweights after a few iterations; and 2) sample
impoverishment, meaning the loss of sample diversity. These two
problems will be discussed and solved in Sec. II.B.
In the rest of the paper, Sec. II discusses the details to implement

the particle filter to the DBN. The methods established in Sec. II are
applied in Secs. III and IV. Section III analyzes the uncertainty
sources in the fatigue crack growth on an aircraft wing and
incorporates them into aDBN. Section IV computes and analyzes the
results of the diagnosis and prognosis of the aircraft wing.

II. Diagnosis and Prognosis in the DBN

As explained in Sec. I, this paper selected the particle filter as the
Bayesian inference algorithm. Here, a particle is a sample from the
joint distribution of the BN at one time step. Similar to the Kalman
filter, the particle filter at time step t also include two parts: 1) forward
propagation, i.e., generating the particles at time step t based on the
particles at time step t − 1 and the conditional probability distribution
(CPDs) between adjacent networks; and 2) backward inference,
i.e., updating the joint distribution of the network.
A time step of purely forward propagation is defined as a

“prognosis step” in this paper; and a time step with both forward
propagation and backward inference is defined as a “diagnosis step.”
The diagnosis step happens if, and only if, any child node is observed.
The prognosis step happens in two cases:
1) No observation is available.
2) All the observations are for the root nodes; thus, the samples of

other nodes can be obtained by uncertainty propagation with these
root nodes fixed at their observations.
In prognosis step, the backward inference part of the particle filter

is skipped.
In this section, Sec. II.A gives a brief introduction to particle filter.

Section II.B discusses the solution to the degeneracy and sample
impoverishment problems in the backward inference part of the
particle filter. Section II.C solves the challenges in implementing the
particle filter due to the structural complexity of the Bayesian
network. Then, Sec. II.D contributes to reducing the computational
efforts by modifying the structure of the DBN; thus, inference is not
needed if the load is observed but the damage is not. The modified
DBN is proved to be equivalent to the original DBN, but it reduces the
number of time steps that require Bayesian inference, so that reduces
the computational cost.

A. Brief Introduction to Particle Filter

The particle filter is a general algorithm to track the evolution of the
state variables in a DBN. In this section, capital letters denote random
variables; and lowercase letters denote particles, where the
superscript i indicates that it is the ith particle. The subscripts of
letters indicate the time step. Thus, the state variables at time step t are

Fig. 1 Aircraft wing and its leading edge.
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denoted asXt, as shown in the simpleDBNof Fig. 2. Assume that the

state variables Xt ∈ Rm at time t evolve from the state variables

Xt−1 ∈ Rm according to the state function

Xt � f�Xt−1; vt−1� (1)

where vt−1 ∈ Rm is the vector of noise terms in the state function.

ThemeasurementZt ∈ Rn is obtained according to themeasurement

function

Zt � h�Xt;nt� (2)

where nt ∈ Rn is the vector of noise terms in the measurement

function.
In the case that the DBN represented by Eqs. (1) and (2) is not a

linear Gaussian DBN, several particle filter algorithms are developed

to track the evolution of Xt and Zt. The most basic particle filter

algorithm is sequential importance sampling (SIS) [15]. SIS considers

the full joint posterior distribution at time step t: p�X0:tjZ1:t�. This
distribution is approximated with a weighted set of particles

fxi0:t;ωi
tgNt�1

These particles approximate the joint posterior distribution

p�X0:tjZ1:t� by

p�X0:tjZ1:t� ≈
XN
i�1

ωi
tδxi

0:t
(3)

where δxi
0:t
is a delta function at xi0:t.

At time step t, the ith particle of Xt is denoted as xit, and it is

sampled based on the current state Xi
0:t−1 and the observation Z1:t

according to a proposal density:

Xi
t ∼ q�XtjXi

0:t−1;Z1:t� (4)

In other words, the new state Xi
t of the ith particle at time step t is

sampled from a distribution that takes the current stateXi
0:t−1 and the

observation Z1:t as parameters.
At time step t, the weight ωi

t is updated from ωi
t−1 by

ωi
t ∝ ωi

t−1
p�ZtjXi

t�p�Xi
tjXi

t−1�
q�Xi

tjXi
t−1;Zt�

(5)

In addition, the initial states Xi
0 are sampled from the joint prior

distribution of the state variables, and the initial weight ωi
0 for each

particle is 1∕N.

B. Degeneracy, Sample Impoverishment, and Resampling

In practice, iterations of Eqs. (4) and (5) over time step tmay lead

to a particle degeneracy problem; i.e., only a few particles have

significant weights, but most particles have negligible weights. In

that case, we are assigning most computational efforts to the particles

of nonsignificant contribution to the posterior distribution. This

degeneracy problem can be solved by resampling, i.e., generating a

new set ofN particles based on the particles ofXt. The new particles

represent the same posterior distribution as the former particles.
The simplest strategy of resampling is generating new resampled

particles based on the discrete approximation shown in Eq. (3), and

theweight of each new particle is set as 1∕N again. This resampling

is a bootstrapping process ofN iterations, and each iteration selects

one particle from the current particles with replacement. In an
iteration, the probability that a particle is selected is proportional to
its weight.
The aforementioned resampling strategy based on Eq. (3) is

adopted in a widely used algorithm: the sampling importance
resampling (SIR) algorithm [15]. The SIR algorithm 1) takes the state
transition distributionp�XtjXi

t−1� as the proposal density distribution
q�XtjXi

0:t−1;Z1:t�, and 2) conducts resampling at each iteration.
Thus, Eqs. (4) and (5) reduce to

Xi
t ∼ p�XtjXi

t−1� (6)

ωi
t ∝ p�ZtjXi

t� (7)

Note that resampling based on Eq. (3) is after the calculation of
Eqs. (6) and (7) at each time step, where new particles of Xi

t are
generated and the weight of each new particle is set as 1∕N.
It is straightforward to implement the SIR algorithm because it

only requires sampling from the distribution p�XtjXi
t−1� and

evaluating the likelihoodp�ZtjXi
t�. However, the resampling strategy

in the SIR brings a new problem of sample impoverishment. In the
resampling based on Eq. (3), the particles of higher weights will be
duplicated and the particles of lower weights will be discarded. This
means the loss of sample diversity and, in the worst case, all the
particles will collapse to a single particle [15].
A regularized particle filter (RPF) algorithmwas developed in [23]

to solve the sample impoverishment problem. Instead of the discrete
approximation in Eq. (3), the RPF uses kernel density estimation
(KDE) [24] as a continuous approximation to resample the particles,
and the resampled particles will have equal weights. Because Xt

contains more than one variable, this KDE is multivariate [25].
However, this KDE-based resampling is designed for continuous
variables, whereas theDBN in this problem contains both continuous
and discrete variables. A new resampling strategy is proposed here by
combining these two different resampling strategies:
1) Resample the particles of Xt based on Eq. (3) and assign equal

weights 1∕N to the new particles.
2) For a variable X ∈ Xt, conduct steps 3 and 4 if it is continuous.
3) Resample the particles of X again based on a univariate KDE.
4) Rearrange the new particles of X so that they have the same <

magnitude rank, ordinal > pairwise relationship as the particles
from step 1. (For example, for the particles of X from step 1, if the
largest value has the ordinal number of 100, arrange the largest
particle of X from step 3 at ordinal 100 too.)
Note that the step 3 losses the dependence 1) among the continuous

variables and 2) between the continuous variables and the discrete
variables. Step 4 is used to restore this dependence.
In summary, for a diagnosis step, the particle filter in this paper

1) uses Eqs. (6) and (7) from the SIR algorithm to update the weights
of the particles in Bayesian inference; and 2) uses the proposed
resampling strategy in the preceding four steps. However, in a
prognosis step where backward inference is not required, we only
need to implement Eq. (6).
The math of the particle filter was given in this subsection.

However, it is still nontrivial to realize the particle filter for a DBN of
complex structure. The reasons for this challenge and the solution
will be discussed in Sec. II.C.

C. Implementing Particle Filter in DBN

Due to the complexity of the DBN for a realistic system, the
implementation of the PF algorithm is nontrivial. There are two
challenges in implementing the particle filter algorithm to a
complex DBN. First, in addition to dynamic nodes for which the
states change over time, static nodes shared by all the time steps are
also included. An example of the static node is node A in Fig. 3a.
The existence of static nodes violates the prerequisite assumption
of the DBN: one separate BN for each step.
Second, the states of some dynamic nodes depend not only on the

previous state of these variables but also on some other variables in
the current time step. For example, in Fig. 3a, node Et depends on

Fig. 2 Simple DBN.
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Et−1 and Ct. Thus, at time step t, Ct must be sampled before Et. This

requires us to distinguish the parent nodes of each state variable inXt

to implement Eq. (6).
The solutions to these two challenges are explained using an

illustrative DBN shown in Fig. 3. The first challenge can be resolved

by separating a static node into two identical nodes. In Fig. 3, the

shared static nodeA is split intoAt−1 andAt. Subscripted by t − 1 and
t,At−1 belongs to theBNat time step t − 1 andAt belongs to theBNat

time step t. An arrow representing the deterministic relationship

At−1 � At directs from At−1 to At so that these two nodes are

identical. In summary, this solution fulfills the assumption of one BN

for each time step, and it guarantees that the same static node is shared

by each time step.
The solution to the second challenge requires several steps in order

to realize Eq. (6). The nodes in the BNs at time steps t − 1 and t are
classified into five groups:
1) The first group ( ~Xt−1) includes the state variables in Xt−1 with

arrows directed to state variables inXt. Among all the nodes inXt−1,
only ~Xt−1 are the parent nodes of the variables inXt; thus, Eq. (6) can
be written as Xi

t ∼ p�Xtj ~Xi
t−1�. ~Xt−1 � fAt−1; Et−1; Ft−1g. for the

illustrative DBN in Fig. 3.
2) The second group (αt) includes the child nodes of ~Xt−1 in theBN

at time step t. The sampling of αt depends on the value of ~Xt−1 in the
previous BN, where αt � fAt; Et; Ftg for the illustrative DBN
in Fig. 3.
3) The third group (βt) includes the intermediate nodes of αt.

A node in βt has both ancestor and descendant nodes in αt. A node in
βt depends on some nodes in αt, and a node in αt can depend on some
nodes in βt. In Fig. 3, we have βt � Ct.
4) The third group (γt) includes the ancestor nodes of αt or βt in

the BN at time step t. No node in γt is the descendant node of ~Xt−1,
i.e., the sampling of γt is independent of the previous BN. The
distribution of γt is denoted as p�γt�. The sampling of αt and βt
depends both on ~Xt−1 and γt, which can be expressed by a
conditional distribution p�αt; βtj ~Xi

t−1; γit�. In Fig. 3, we
have γt � fBt;Dtg.
5) The fourth group (τt) includes the descendant nodes ofαt or βt in

the BN at time step t. The sampling of τt depends on αt or βt, i.e., a
conditional probability distribution τit ∼ p�τtjαi

t; βt�. In Fig. 3, we
have τt � fGt;Htg.
As Xt is denoted as fαt; βt; γt; τtg based on the aforementioned

classification, the sampling ofXi
t in Eq. (6) is realized sequentially by

γit ∼ p�γt�
αi
t; βit ∼ p

�
αt; βtj ~Xi

t−1; γit
�

τit ∼ p�τtjαi
t; βit� (8)

For the illustrative DBN in Fig. 3, to generate new particles

Xi
t � fAi

t; B
i
t; C

i
t; D

i
t; E

i
t; F

i
t; G

i
t; H

i
tg

based on ~Xi
t−1 � fAi

t−1; E
i
t−1; F

i
t−1g, γit � fBi

t; D
i
tg is first sampled by

p�γt� � p�Bt;Dt� � p�Bt�p�DtjBi
t�

Then, αi
t � fAi

t; E
i
t; F

i
tg and βit � Ci

t are sampled by

p
�
αt; βtj ~Xi

t−1; γit
�
� p�AtjAi

t−1�p�CtjAi
t; B

i
t�p�EtjEi

t−1; C
i
t�

× p�FtjFi
t−1; D

i
t�

Finally, τt � fGt;Htg is sampled from

p�τtjαi
t; βit� � p�GtjEi

t�p�HtjFi
t�

D. Computation Effort Reduction by Modifying the DBN Structure

Computational efficiency is a main concern in implementing the
PF. Compared to the analytical algorithms such as the Kalman filter,
the PF is more computationally intensive because, in each time step,
each particle needs to be processed individually and the number of
particles can be numerous, whereas theKalman filter directly handles
the probability distributions of the state variables. In addition, the
diagnosis step is more expensive than the prognosis step in
implanting the PF. The prognosis step is purely forward uncertainty
propagation and only requires particle generation by Eq. (8). In
contrast, the diagnosis step requires Bayesian inference, and thus
brings extra computation effort for the likelihood p�ZtjXi

t�, the
weight ωi

t, and the resampling. The computational cost increases as
more diagnosis steps are needed.
The damage a in an airframe component is caused by the load P

applied on it; thus, the DBN starts from the node of loadP and ends at
the node of damage a (in crack growth analysis of the aircraft, the
damage a is the fatigue crack length).
Generally, P and a are observable. Due to the measurement error,

the observed data of P are the realizations of a new random variable
Pobs and the observed data of a are the realizations of a new random
variable aobs. Thus, in the BN node,P directs to nodePobs, indicating
a measurement model such as Pobs � P� ϵP, where ϵP is the
measurement error; node a directs to node aobs, indicating another
measurement model such as aobs � a� ϵa, where ϵa is the
measurement error. The resultant BN at one time step is shown in
Fig. 4a, where N denotes all the other nodes except for P, Pobs, a
and aobs.
If a data point DP of the load P is observed, in the BN node, Pobs

will be fixed atDP; similarly, node aobs will be fixed at the data point
Da if the damage a is observed. Because neither node ofPobs and aobs

a) DBN b) New particle generation
Fig. 3 Particle filter for an illustrative DBN.

a) Original BN b) Modified BN
Fig. 4 Original BN and modified BN.
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is a root node, the diagnosis of Bayesian inference is needed

whenever the data ofP and/ora are available. If the full load history is
measured, diagnosis of the Bayesian inference is conducted in every
time step, even if the crack length data are sparse. This causes

tremendous computational cost.
In fact, it can be proved that, under certain assumptions (explained

in the following), we can reverse the arrow from P to Pobs (i.e.,
replace P → Pobs with Pobs → P), and the modified BN shown in

Fig. 4b is equivalent to the original one in Fig. 4a. In themodifiedBN,
Pobs is a root node so that Bayesian inference is not needed if only the

load is observed. In other words, diagnosis is conducted only at
limited steps with the crack length observed, which reduces the
computational cost significantly. Proof of the equivalence between

the original BN and the modified BN is given as follows.
If the load is not observed, the nodePobs can be removed in the BN;

thus, the original BN and themodifiedBN are exactly the same. If the
load is observed, two cases need to be considered. In the first case, we

assume that both the load and the crack length are observed. In the
original BN, if the load and crack length data are denoted asDP and

Da, the posterior distribution over the BN is

p�P;N; ajPobs � DP; aobs � Da�
∝ p�Pobs � DP; aobs � DajP;N; a�p�P;N; a�
� p�aobs � Daja�p�Pobs � DPjP�p�P�p�NjP�p�ajN� (9)

where p�aobs � Daja�p�Pobs � DPjP� is the likelihood function,

and p�P�p�NjP�p�ajN� is the prior distribution over P, N and a.
For the modified BN, the posterior distribution is

p�P;N; ajPobs � DP; aobs � Da�
∝ p�Pobs � DP; aobs � DajP;N; a�p�P;N; a�
� p�aobs � Daja�p�Pobs � DPjP;N; a�p�P;N; a�
� p�aobs � Daja�p�PjPobs � DP�p�NjP�p�ajN� (10)

where p�aobs � Daja� is the likelihood function, p�PjPobs �
DP�p�NjP�p�ajN� is the prior distribution over P and N, and a is
conditioned at Pobs � DP. The posteriors in Eqs. (9) and (10) are

equivalent if

p�Pobs � DPjP�p�P� ∝ p�PjPobs � DP�

As the measurement noise is generally assumed to be a zero mean
Gaussian distribution, we have Pobs � P� N�0; σp�, which gives

P � Pobs − N�0; σp�. Then, it can be proved that

p�Pobs � DPjP� � p�PjPobs � DP�

� 1

σp
������
2π

p exp

 
−
�P −Dp�2

2σ2p

!
(11)

Thus, the condition of

p�Pobs � DPjP�p�P� ∝ p�PjPobs � DP�

will be fulfilled if node P in the original BN has a noninformative
uniform distribution such that p�P� is a constant.
In the second case, we assume that only the load is observed. The

posterior distribution over the original BN is

p�P;N; ajPobs � DP� ∝ p�Pobs � DPjP;N; a�p�P;N; a�
� p�Pobs � DPjP�p�P�p�NjP�p�ajN�

(12)

The posterior distribution over the modified BN is obtained purely
by uncertainty propagation:

p�P;N; ajPobs � DP� � p�PjPobs � DP�p�NjP�p�ajN� (13)

Note that Eqs. (12) and (13) are derived based on the Bayes’s
theorem, and distribution normality is not assumed. Equations (12)
and (13) are equivalent under the same assumptions: 1) zero mean
Gaussian measurement error for the load; and 2) p�P� is a
noninformative uniform prior distribution in the original BN if the
load is observed. The first one is a widely used assumption in the
literature. The second one requires that loadPt is independent ofPt−1
if Pt is observed. This is also a reasonable assumption because the
observation of the load at time t provides strong information for the
true value of the load at time t such that the information fromPt−1 can
be neglected. A time series model giving the CPD of p�PtjPt−1� is
still applicable if Pt is not observed.
In summary, this section distinguished the steps of diagnosis and

prognosis. The time-consuming diagnosis was required if, and only
if, any child nodewas observed. This section also showed that, under
two weak assumptions, the CPD P → Pobs could be replaced by
Pobs → P such that the number of diagnosis steps could be reduced
significantly, i.e., Bayesian updating wais required only if crack
inspection data were available.

III. Dynamic Bayesian Network of Crack Growth on
Leading Edge of Aircraft Wing

Different fracture mechanics-based fatigue crack growth models
have been developed to calculate the propagation of long cracks,
including Paris’s law [26], modified Paris’s law [27], Wheeler’s
retardation model [28], etc. Generally, these models require
computing the stress intensity factor K, for which the finite element
analysis (FEA) is widely used. Two techniques of using the FEA to
compute the crack growth can be found in the literature:
1) Include the crack geometry into the FEAmodel and compute the

stress intensity factor by the FEA directly; then, calculate the crack
growth using a crack growth law and adjust the crack geometry by
modifying the input file to the FEA model [29,30].
2) Build a FEAmodel without the crack geometry and compute the

nominal stress at the crack; then, calculate the stress intensity factor
using an analytical formula and subsequent crack growth using a
crack growth law [31].
Due to the mesh complexity of the FEA model with the crack

geometry, the computational cost of technique 2 is significantly
smaller than technique 1. Because crack growth prediction under
uncertainty requires numerous runs of the FEAmodel, technique 2 is
applied in this paper. Based on technique 2, the rest of this section
discusses the uncertainty sources in predicting the fatigue crack
growth on the leading edge of an aircraft wing; then, all the
uncertainty sources are incorporated into the DBN. Note that the
DBN is still applicable regarding technique 1, and this paper selects
technique 2 only for higher computational efficiency.

A. Uncertainty Sources in Aircraft Wing Crack Growth Prediction

1. Uncertainty Sources in the FEA Model and Surrogate Model

Figure 5 shows the FEA model of the leading edge of an aircraft
wing. The spring and beamelements in Fig. 5 simulate the connection
between the leading edge and thewing body. The load on the leading

Fig. 5 Leading edge of an aircraft wing.
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edge is simulated by connecting the leading edge to an anchor point
through rigid bars and applying the load P on the anchor point.
A single bolt is assumed to fix the anchor point to the wing body.
Fifteen geometric and material parameters are assumed as random
variables in the FEA model:
1) For Ti�i � 1 to 7�, the leading edge is divided into seven

sections along the Y axis, and Ti is the thickness of the ith section.
2) For Ki�i � 1 to 4�, K1 and K2 are the stiffnesses of springs A

and B along the Y axis;K3 andK4 are the stiffnesses of springs A and
B along the Z axis.
3) The inboard beam property (IBP) is the area moment of inertia

of beam A.
4) The outboard beamproperty (OBP) is the areamoment of inertia

of beam B.
5) The taper ratio (TR) measures the rate that the leading-edge

width shrinks from the wing root to the wing tip; here, it is defined as
the ratio of the beam A length to the beam C length.
6) YA is the coordinate of the anchor point along the Y axis; the

value of YA varies if the bolt is loose.
All the aforementioned parameters, except for YA, have

deterministic but unknown values, and thus bring epistemic
uncertainty. Prior distributions are assigned to them, and the
proposed DBN-based P2IAT model seeks to reduce their
epistemic uncertainty by Bayesian inference. The value of YA

changes over time; thus, the proposed P2IAT model needs to track
its evolution.
These 15 parameters and the load P are the inputs to the FEA

model in Fig. 5, which computes the nominal stress S at the crack.
Probabilistic prediction as well as Bayesian inference require many
evaluations of the analysis model. To achieve computational
efficiency, this paper uses a Gaussian process (GP) surrogate model
[32,33] to replace the FEA model. Training points are obtained by
repeatedly running the FEA model at different combinations of
values (design of experiments points) of the 15 parameters and the
load P. At given inputs, the prediction of the GP model is a normal
distribution S ∼ N�μGP; σ2GP�, which represents the surrogate model
uncertainty in computing the stress for a given value of the inputs.
This also indicates that these 15 parameters and the load P are the
parent nodes of stress S in the DBN, and the corresponding
conditional probability distribution is given by the GP model
prediction S ∼ N�μGP; σ2GP�.
Not all the 15 parameters are equally important to the crack growth.

A global sensitivity analysis (GSA) by Sobol indices [34–37] can be
used to assess the contribution of each parameter to the uncertainty in
the crack growth. Parameters of low sensitivity can be fixed at their
nominal values, thus reducing the computational cost in diagnosis and
prognosis. Consider a function Y � F�X� where X � fX1; : : : ; Xkg
is a vector containing all the stochastic model inputs. The first-order
sensitivity indexSi and the total effects sensitivity indexS

T
i are defined

as follows:

Si �
V�E�YjXi��

V�Y� ; STi � 1 −
V�E�YjX−i��

V�Y� (14)

where X−i denotes all the model inputs other than Xi. Si measures the
contribution of Xi by itself, whereas STi measures the overall
contribution of Xi by itself plus interactions with other inputs.

2. Crack Growth Model Uncertainty and Damage State Uncertainty

Once the nominal stress at the crack is computed using the GP
model, the next step is to compute the stress intensity factor and crack
growth. Methods to compute the stress intensity factor for different
load conditions and crack shapes were summarized in [38]. The
validity of thesemodels is generally problem dependent. For the sake
of illustration, this paper assumes a mode 1 uniaxial crack; thus, the
range of stress intensity factor in one time step is

ΔK � 1.2FΔS
��������
πa0

p
(15)

where 1.2F is the crack shape factor,ΔS is the stress range, and a0 is
the initial crack length in the current time step. Here,F is defined as a

multiplier for the shape factor, and the uncertainty inF represents the

uncertainty in the shape factor.
Next, for the sake of illustration, this paper uses the Paris law to

compute the crack growth Δa in each time step:

da

dN
� CΔKm (16)

where C and m are the Paris law parameters obtained from material
component experiments; da∕dN is the crack growth rate, and its
magnitude is equal to the predicted crack growthΔa in one time step.

The crack length after the current time step is a � a0 � Δa.C andm
are assumed to be known constants in this paper to keep the focus on

other parameters that provide particular challenges to the DBN that
are addressed in this paper; C andm can be easily treated as aleatory

or epistemic uncertain quantities and are included in the DBN as
needed.
The uncertainty sources in the crack growth prediction are the

uncertainties in the parameters of Eq. (15), which are affected by the

damage state, and the uncertainties regarding the parameters of
Eq. (2) (ignored in this paper). In this paper, two damage states are

considered:
1) The first state is bolt looseness B. For the sake of illustration,

assume that bolts are used to fix the anchor point to the wing body.
Assume that all the bolts are collectively represented by one
notional bolt with equivalent properties. Whether the bolt becomes
loose depends on its resistanceR and the current loadP. A higherP
or a lower R leads to a higher probability of a loose bolt (B � 1).
The bolt will stay loose once it becomes loose (B � 0). The loose
bolt causes uncertainty in the anchor point position YA, thus
affecting the nominal stress S at the crack location. In addition,
Eq. (17) is assumed to simulate the degradation of the bolt
resistance with the time step t. In Eq. (17), R0 is the initial bolt
resistance; k is the degradation coefficient, and it has a negative
value so that R�t� decreases with t:

R�t� � R0 exp�kt� (17)

2) The second state is a crack tip in the elastic zone vs the plastic
zone M. The aircraft wing is mostly elastic (M � 0); it is assumed
that randomly located plastic zones (M � 1) can be caused by
accidents such as a dropped hammer; the crack is assumed to start at
the elastic zone, and there is a finite probability that the crack grows
into a plastic zone in any time step; and the crack is assumed to stay in
the plastic zone once it reaches it. The following are assumed:

a) The shape factor multiplier in the elastic zoneFe has a known
deterministic value obtained from material coupon experiments.
b) The plastic zone retards the crack growth; thus, the multiplier

Fp in the plastic zone is smaller than Fe.
c) Fp has a deterministic but unknown value, i.e., epistemic

uncertainty. This damage stateM can be represented by expanding
Eq. (15) as follows:

ΔK �
�
1.2FeΔσ

��������
πa0

p
if M � 0

1.2FpΔσ
��������
πa0

p
if M � 1

(18)

The preceding damage states bring two new uncertainty sources:

1) whether the damage states have occurred; and 2) uncertainty in the
value of Fp. The proposed DBN-based P2IAT model is beneficial in

tracking the damage states and quantifying the uncertainty in Fp. In
addition, the damage states are discrete variables, thus requiring a

DBN that can handle both discrete and continuous variables.

3. Load Uncertainty

The uncertainty in load P depends on specific cases. In case 1, the

loadhistory at each time step ismeasuredby sensors in the aircraftwing.
The measured load history can be used to simulate the flight, diagnose

damage states, and compute the crack length after the flight.Techniques
to measure the load history include flight parameter-based loads

monitoring and strain-gauge-based loads monitoring [39]. In this case,
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the uncertainty in the load history is the measurement error. The

numerical example in Sec. IV assumes the measurement error as a
zero mean Gaussian noise, i.e., ϵp ∼ N�0; σ2p�.
In case 2, the P2IATmodel is used to simulate the future load time

history and predict the crack growth. To model this time series input

based on the observed load history in earlier flights and capture the
uncertainty in the future loading, two types of time domain methods

have been developed: time-step counting methods, and random

process methods. The time-step counting methods [40] discretize the
time series into k levels and extract a counting matrix from the data.

The counting matrix is used to generate the load history

stochastically. In contrast, one of the random process methods
(e.g., the autoregressivemoving average [41]model) assumes that the

input in the current time step is a linear function of 1) its pastp values;

and 2) the current and past q values of noise terms. Both types of
methods can be used in the P2IAT model. The values of its orders p
and q are first identified by matching the theoretical autocorrelation

function to the sample autocorrelation function computed from the
observed time series data. TheLjung–BoxQ statistic [42] can be used

to measure the adequacy of the matching. In case 2, the load

uncertainty includes the natural variability in the time series input and
epistemic uncertainty due to limited information in building

the model.
Different conditions in cases 1 and 2 affect the DBN structure. Let

Pt−1 and Pt denote the loads at times t − 1 and t, and let Pobst−1
and

Pobst
denote their observations at time t − 1 and t, respectively. In the

BN of case 1, Pt−1 and Pt are directly connected to the nodes Pobst−1
and Pobst

, respectively, giving the conditional probability

distributions of Pobst−1
∼ N�Pt−1; σ

2
p� and Pobst

∼ N�Pt; σ
2
p�. In the

BN of case 2, the value of Pt−1 affects the value of Pt; thus, an arrow
of CPD defined by the time series model is used to connect them. The

nodePobst
orPobst−1

is not necessary because the load is not observed.

A hybrid case is also possible, i.e., both cases 1 and 2 occur in the

DBN. The DBN structures of case 1, case 2, and the hybrid case are

shown in Fig. 6.

4. Crack Length Data Uncertainty

The crack length data are assumed to be available from on-ground

inspection, which brings two uncertainty sources: measurement error

and data sparsity. Similar to the load uncertainty, the measurement

error in the crack length data depends on the accuracy of the

inspection technique, and it is generally assumed to have a zero mean

Gaussian distribution ϵa ∼ N�0; σ2a�. The proposed methodology can

also handle other distributions of measurement error.

Crack length data are rarely available for every time step. Even if

one data point is obtained after each mission and applied in the DBN

for diagnosis and prognosis, the crack length data are missing during

the mission; thus, data uncertainty is introduced by data sparseness.

In summary, two data sources are available for the P2IATmodel of

aircraft wing: load history data, and crack inspection data. The

availability of these data can be quite flexible: load history data can be

available at all time steps (case 1 in Fig. 6), no time step (case 2 in

Fig. 6), and limited time steps (case 3 in Fig. 6); whereas crack

inspection data are only available at sparse time steps. The DBN has

the capacity of both Bayesian inference (diagnosis) and uncertainty

propagation (prognosis).

B. Construction of the Dynamic Bayesian Network

As shown in Fig. 7, the uncertainty sources identified in Sec. III.A

are represented by nodes in the DBN; nodes are connected by arrows

that represent conditional probability distributions or deterministic

functional relations. The subscript t − 1 or t denotes the time step,

and the symbols in Fig. 7 are explained in Table 1.

In Fig. 7, an elliptical node is a stochastic node, meaning the

variable is stochastic for given values of parent nodes; thus, the

a) Case 1 b) Case 2 c) Hybrid case
Fig. 6 DBN structure for loading history uncertainty.

Observed node

Discrete node

Continuous node

Functional node

Time step Time step
Fig. 7 Dynamic Bayesian network for crack growth.
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arrows toward it represent a CPD. A triangular node is a functional
node, meaning the variable is the result of deterministic calculation
for givenvalues of parent nodes; thus, the arrow toward it represents a
deterministic function. In addition, elliptical nodes with solid lines
represent continuous variables, whereas elliptical nodes with dashed
lines represent discrete variables. The rectangular nodes represent
observed variables (e.g., load and crack length). In addition, solid
arrows are used within a BN slice, and dashed arrows connect the
nodes across different time steps.
In Fig. 7, nodeθ represents all 15 geometric andmaterial properties

(except forYA) of the aircraft wing. Each property should be a node in
the DBN connected to ΔS. They are depicted as a single node to
save space.
Another special node in theDBN isa0. For theBN in any time step,

prior distributions are assigned to all the root nodes first; then,
uncertainty propagation or Bayesian inference will be conducted.
Except for time step 1, where prior distributions are defined by users,
BNs at other time steps obtain the prior distributions by propagating
the posterior distributions of previous time steps through the arrows
connecting adjacent BNs. But, for a0t , the following is true:
1) If the crack length is not observed at time step t − 1, its prior

distribution is the predicted distribution of at−1, which means a
deterministic functional relationship at−1 � a0t ; thus, at−1 directs to
a0t in Fig. 7.
2) If the crack length is observed at time step t − 1, its prior

distribution for time step t should be defined using this data point. Let
Dat−1 denote the observed data point value. This paper defines the
prior distribution of a0t asN�Dat−1 ; σa�; thus, aobst−1 also directs to a0t
in Fig. 7.
Once the DBN is constructed, the diagnosis and prognosis are the

next steps in the health monitoring of the aircraft wing. This was
explained in Sec. III.

IV. Results and Analysis

A numerical example of crack growth on the leading edge of an
aircraft wing is used to illustrate all the concepts explained in
earlier sections. The structure of the aircraft wing was explained in
Sec. III.A.1. A time series input of 10,000 steps is applied at the
anchor point. The FEA result in Fig. 8 shows that, under the

geometric and material property uncertainty and load uncertainty,
the location of maximum stress is always around node 389. Thus,

we assume that a crack of 0.0588 in. is initialized at node 389 and
grows under the time series loading at the anchor point. A GP
surrogate model predicting the stress at node 389 is built to replace

the FEA model.
It is assumed that the time series input is observed at each step and

that the measurement error is a zero mean Gaussian variable
N�0; 0.0022�. The observed load history is shown in Fig. 9.
Furthermore, crack length data are assumed to be observed only at

time steps 2000, 4000, 5600, 6400, and 6800.
As explained in Sec. III.A.1, the aircraft wing contains 15

stochastic geometric parameters and one stochastic crack growth
model parameter Fp. Except for the anchor point position YA, all
these parameters are static root nodes in Fig. 7.
Global sensitivity analysis results for the elastic zone (M � 0) and

plastic zone (M � 1) are shown inTable 2. In the elastic zone,T4 is the
only significant parameter; in the plastic zone, T4 and Fp are both
significant. The sensitivity index of YA is small, indicating that YA and

its only parent nodebolt loosenessB canbe fixed at nominal values and
the crack length data cannot track the evolution ofB effectively. In this
paper, we retain the nodes of B and YA in the DBN to quantitatively
prove this proposition. The parameters in Table 2, except for T4, Fp,

and YA, are fixed at their nominal values.
The deterministic relationships (represented by the arrows to

deterministic nodes in the DBN) were discussed in Sec. III.A. The
conditional probability distribution for the continuous node ΔSt is a
Gaussian distribution

N�μGP�YAt
; Pt; θ�; σGP�YAt

; Pt; θ��

obtained by the GP surrogate model. Then, the DBN for the crack
growth is constructed as in Fig. 7 and used for diagnosis and

prognosis.
In this example, because the load P is observed at each time step,

which provides strong evidence on the true value of P, the CPD of
p�PtjPt−1� can be neglected; thus, the arrow from Pt−1 to Pt can be
removed in theDBNof Fig. 7. The prior distribution of nodeP at each

time step is assumed to be a uniform distributionU�Pl; Pu�, wherePl

and Pu are lower and upper bounds based on expert opinion. With
these assumptions, themethod of replacingP → Pobs byPobs → P in

Sec. II.D is applied to improve the computational efficiency. This
paper uses 104 particles in the computation of this example, and the
overall time cost is T � 11;109 s, including 1) 11;102 s ≈ 3.1 h
spent on forward propagation of 104 time steps; and 2) 7 s spent on

updating. If the method in Sec. II.D is not used so that each time step
requires updating, the time spent on updating will be 17,500 s and the
overall time cost will be 28;602 s ≈ 7.9 h. In other words, the

proposed method in Sec. II.D reduces the time cost by 61%.
The resistance of the bolt decreaseswith time, as shown inEq. (17).

Here, we assume that the initial resistance of the bolt is R0 � 0.275;
the resistance R�t� reduces to 0.9R0 after 10

4 time steps so that the
degradation coefficient is k � −1.0536 × 10−5. The conditional

probability tables for the discrete nodesB,YA, andM are assumed, as
shown in Tables 3–5 for the sake of illustration.

Table 1 Nomenclature for the DBN

Value Parameter

Pobs Load observation
P Load
B Bolt looseness
YA Anchor point position
ΔS Stress range
M Elastic/plastic zone
a0 Crack length before current time step
ΔK Stress intensity factor range
Δa Crack growth in current time step
a Crack length after current time step
aobs Crack length observation
θ Geometric and material properties
Fp Shape factor in the plastic zone

Fig. 8 Maximum stress in the aircraft wing. Fig. 9 Load history observation.
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True values are assumed for the model parameters in Table 2.
Synthetic data for the observed crack length at time steps 2000, 4000,
5600, 6400, and 6800 are generated using the load history in Fig. 9
and the assumed true values. Using these data, the objectives of this
numerical example are to calibrate the static variables T4 and Fp,
track the evolution of the time-dependent damage state variables B
andM, and predict the crack length in the future. The results of these
calculations are shown in Figs. 10–14.
Figures 10 and 11 show the updating of T4 and Fp at each time

step of inspection. Due to its high sensitivity in both the elastic zone
and plastic zone, the uncertainty of T4 is reduced significantly just
after inspection 1 at t � 2000 of the crack length. In contrast, Fp is
not updated at inspection 1 at t � 2000. The reason is that the crack
tip has not reached the plastic zone at t � 2000 (shown in Fig. 12);
thus, the obtained data do not contain information on the parameter
Fp of the plastic zone. The uncertainty in Fp is reduced using the
data from later inspections, where the crack tip has reached the
plastic zone.
Figure 12 shows the inferred evolution of damage stateM. Recall

thatM � 0 indicates that the crack tip is in the elastic zone, whereas
M � 1 indicates that the crack tip is in the plastic zone. Because the
two states of the discrete variableM are zero and one, the mean value
of the inferredM is 0 × p�M � 0� � 1 × p�M � 1�, i.e., equal to the
probability p�M � 1�. This probability p�M � 1� increases before

inspection 1 due to the assumed conditional probability distribution

p�Mtjat;Mt−1� and reaches around 0.1 at t � 2000. Then, the

network was updated by the crack length data from inspection 1 and

p�M � 1� corrected to zero. The unobserved true value of M is

still zero at t � 2000; thus, this correction is valid. This reduced

Table 2 GSA results

Parameters

Elastic zone Plastic zone

First-order index Total effects index First-order index Total effects index

T1 0.000 0.000 0.000 0.000
T2 0.000 0.000 0.000 0.000
T3 0.012 0.025 0.001 0.002
T4 0.875 0.902 0.104 0.277
T5 0.002 0.010 0.000 0.000
T6 0.001 0.003 0.000 0.000
T7 0.000 0.000 0.000 0.000
IBP 0.000 0.000 0.000 0.000
OBP 0.000 0.001 0.000 0.000
K1 0.000 0.000 0.000 0.000
K2 0.001 0.002 0.000 0.000
K3 0.000 0.000 0.000 0.000
K4 0.000 0.000 0.000 0.001
TR 0.000 0.000 0.000 0.000
YA 0.022 0.031 0.002 0.004
Fp — — — — 0.696 0.865

Table 3 Conditional probability table of Bt

Bt−1 � 0

p�BtjPt; Bt−1� Bt−1 � 1 Pt < 0.85R�t� 0.85R�t� < Pt < 0.95R�t� Pt > 0.95R�t�
Bt � 0 0 1 0.975 0.95
Bt � 1 1 0 0.025 0.05

Table 4 Conditional probability table of YAt

p�YAt
jBt� YAt

� 0 YAt
� 9.935� 0.5 YAt

� 9.935� 1.0 YAt
� 9.935� 1.5 YAt

� 9.935� 2.0

Bt � 0 1.0 0.0 0.0 0.0 0.0
Bt � 1 0.0 0.25 0.125 0.075 0.05

Table 5 Conditional probability table of Mt−1 � 0

Mt−1 � 0

p�Mtjat; Mt−1� Mt−1 � 0 at < 0.1 0.1 < at < 0.12 0.12 < at < 0.15 0.15 < at
Mt � 0 0 1 0.8 0.6 0.5
Mt � 1 1 0 0.2 0.4 0.5

Fig. 10 Updating of T4 (PDF, probability density function).
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p�M � 1� also reduces the effect of the uncertainty in Fp, and thus
reduces the uncertainty in the crack length prediction, as shown in
Fig. 14. A similar correction also occurs at inspection 2, where
�M � 1� is corrected from 0.7 to 1.0. In inspections 3, 4, and 5,

Fig. 12 shows a probability of p�M � 1� � 1, i.e., the crack has
reached the plastic zone.
Figure 13 shows the inferred evolution of damage state B, where

B � 1 indicates a loose bolt and B � 0 indicates a tight bolt. The
probability p�B � 1�, which is equal to the mean value of inferredB,
increases before any inspection due to the assumed conditional
probability distribution p�BtjPt; Bt−1�. The curve fluctuates due to
the randomness in load Pt. However, p�B � 1� is not corrected
significantly by the crack length data in the inspection. This can be
explained by the GSA results in Table 2. The sensitivity of YA with
respect to the crack length is negligible, meaning that, as the only
parent node of YA, the bolt looseness B also has negligible influence
on the crack growth, and is therefore not updated significantly.
Figure 14 shows the diagnosis and prognosis of the crack length.

The uncertainty in the crack length is reduced tomeasurement error at
each inspection, and it grows between inspections. The uncertainty
grows fast (wide 95% bounds) before the first inspection because the
uncertainty propagation is based on prior distributions of T4. The
uncertainty grows slower between inspections 1 and 2 due to
1) significantly reduced uncertainty in T4 at the first inspection, as
shown in Fig. 10; and 2) low probability that the crack has reached the
plastic zone, as shown in Fig. 12, i.e., low probability that the
uncertainty in Fp is introduced. The uncertainty grows fast between
inspections 2 and 3 because the crack has reached the plastic zone so
that the uncertainty in Fp is introduced; and the data from inspection
2 barely reduce the uncertainty in Fp, as shown in Fig. 11. The
uncertainty grows slower again after inspection 3 because the
uncertainty in Fp has been reduced by the observation data at
inspection 3, as shown in Fig. 11.
Note that model validation [43–46] is not included in current

examples, but future work may need to consider it.

V. Conclusions

Various uncertainty sources affect the health state diagnosis and
prognosis of aircraft components. This paper establishes a framework
for probabilistic health diagnosis and prognosis using a dynamic
Bayesian network. This framework is versatile due to the following
characteristics: 1) incorporates various aleatory and epistemic
uncertainty sources; 2) handles both discrete and continuous
variables; 3) allows the continuous variables to have any distribution
type; and 4) allows nonlinear functional relationships.
A particle filter is used as the Bayesian inference algorithm for the

nonlinear and non-Gaussian DBN. The implementation of the
particle filter for this dynamic Bayesian network (DBN) is nontrivial
due to 1) the existence of static nodes, which are time-independent
variables shared by all the Bayesian networks; and 2) state variables
that may have parent nodes across two adjacent Bayesian networks.
Therefore, this paper classifies the nodes in adjacent Bayesian
networks into five groups to facilitate generating new particles based
on the particle in the Bayesian network in the previous time instant.
The generated new particles are used in Bayesian updating and help
to realize the diagnosis.
Prognosis requires no Bayesian inference, and thus is computa-

tionally less demanding than diagnosis. In the case that the load is
observed at each time step, theoretically Bayesian updating of the
DBN is required at each time step, which implies large computational
cost. This paper shows that the DBN can be modified under
reasonable assumptions about the measurement error and load
observation; as a result, the number of time steps requiring Bayesian
updating of the DBN is reduced significantly, thus providing
substantial savings in computational effort (61% saving in the
numerical example).
All the preceding concepts are illustrated by a numerical example

of fatigue crack growth on the leading edge of an aircraft wing. The
results for this example show that the proposed framework has the
capabilities to 1) track the evolution of time-dependent state variables
(diagnosis); 2) reduce the uncertainty in time-independent state
variables (diagnosis); and 3) probabilistically predict the crack
growth in the future (prognosis).

Fig. 11 Updating of Fp (PDF, probability density function).

Fig. 12 Tracking damage stateM (crack tip in elastic vs plastic zones).

Fig. 13 Tracking damage state B (bolt loosening).

Fig. 14 Diagnosis and prognosis of crack length.
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Quantification of the prognosis uncertainty is necessary to assist
decision making under uncertainty. The U.S. Air Force is currently
investigating this methodology within the Airframe Digital Twin
program for demonstration with U.S. Air Force legacy aircraft using
full-scale experimental tests. The demonstrated P2IAT methodology
is expected to be used for both legacy and new aircraft to reduce
maintenance costs.
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